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Chapter 1
Introdution
The history of physis has been haraterized by the formulation of leading
priniples that an desribe the struture of dierent systems and provide the
skeleton of all theories. The equivalene priniple and the axioms of quantum
mehanis are the main examples in this diretion. The rst is at the basis of
general relativity whih desribes gravity and the marosopi world whereas
the latter gives us the rules to study mirosopi systems.
The last fty years have been haraterized by numerous attempts to give
a unied desription able to ombine quantum mehanis with gravity. In this
spirit, in the seventies, Hawking studied the propagation of a salar eld in a
blak hole geometry ultimately disovering that these objets emit a thermal
radiation [1℄. Furthermore Bekenstein [2℄ was able to reognize that it is possible
to assoiate to a blak hole an entropy
S =
A
4G
+ c, (1.1)
where A is the area of the event horizon and c is a onstant whih is assumed
to be bounded. Moreover if we onsider a spae-time geometry M with a blak
hole inside, the global system has to obey to a generalized seond law of ther-
modynamis whih states
δST > 0,
where ST is the sum of (1.1) and of the entropy of the matter evolving outside
the event horizion.
Together with this result, the most striking onsequene of the evaporation
of a blak hole has been derived still by Hawking who reognized that this eet
implies a very profound question about the onsisteny of the usual quantum
6
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mehanial operations in a gravitational system [3℄. To understand this state-
ment let us onsider an asymptotially at spae-time M with a blak hole B
and a salar eld φ propagating from ℑ− to ℑ+. The entire evoultion of φ an
be thought as a sattering proess where B plays the role of an intermediate
state. Assuming that during this event no energy is lost and every onservation
law is satised then the ordinary rules of quantum mehanis grant us that, if
|in > is the initial state of the system on ℑ−, than an observer on ℑ+ will see
a nal state
|out >= S|in >,
where S is a unitary sattering matrix satisfying S† = S−1. A more tehnial
way to read this statement is to reognize that the nal state of a system evolving
from an initial pure quantum state, has to be pure as well. Bearing this in
mind and without entering into unneessary tehniqualities, let us onsider an
initial salar partile vauum state |0− > on ℑ− whih an be expressed as a
ombination of states with dierent number of partiles entering into the blak
hole horizon or esaping to ℑ+ i.e.
|0− >=
∑
λAB|A+ > |BH >,
where |A+ > is a state at the future innity whereas |BH > is a state on
the horizon. Furthermore any measure of an observable Q at ℑ+ will lead to
expetation values depending only on the states |A+ > and thus in ultimate
instane on the reation and annihilation operators of the elds at ℑ+. This
implies that
< 0−|Q|0− >=
∑
ρACQCA,
where QCA =< C+|Q|A+ > and ρAC is the density matrix desribing all ob-
servations made on ℑ+ and for this reason it depends only on the expetation
values of polynomials in the reation and annihilation operators on ℑ+. In
short, the analysis in [3℄ shows that the above matrix is diagonal in a basis of
eigenstates of the number operator; thus after a blak hole has ompletely evap-
orated, the only possible nal states for the radiation at ℑ+ are those with total
energy equal to the intial mass of the blak hole and all these ongurations an
be emitted with equal probability. Eventually the whole proess leads to a vi-
olation of the priniples of quantum mehanis where any onsistent sattering
proess that an bring from a pure state to a mixed one is forbidden.
Furthermore the study of a physial system in presene of an extreme gravita-
tional eld does not only lead to a ontraddition with quantum mehanis but
even with ordinary results of statistial mehanis. A anonial example omes
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from Susskind [4℄ who onsiders a three dimensional lattie of
1
2 spin-like degrees
of freedom whose fundamental spaing is of the order of the Plank length lp.
Ordinary statistial mehanis tells us that the number of orthogonal quantum
states of the system is N(V ) = 2n where n is the number of sites oupying a
ertain region of volume V . The maximum entropy available to the system is
given by the logarithm of the number of degrees of freedom:
S(V ) = logN(V ) =
V
l3p
log 2, (1.2)
showing a proportionality with the volume. This is in sharp ontrast with the
Bekenstein formula (1.1) sine most of the states ontributing to the entropy
have an energy far bigger than the one needed for the system to ollapse into
a blak hole and moreover the size of suh a blak hole ould be even greater
than V itself.
Going a step further with Susskind's argument we an onsider a region V
lled with enough matter in order to have an entropy S bigger than the one of a
blak hole but without enough energy to form it. Throwing inside other matter
inreases both the entropy and the energy of the system until a gravitational
ollapse begins leading to a nal onguration with S proportional to the area.
Thus the whole proess violates the generalized seond law of thermodynamis
sine δS < 0.
The above two examples are simply an indiation of the apparent ontrad-
dition between general relativity on a side and quantum mehanis and sta-
tistial mehanis on the other side. Both the arguments given by Hawking
and Susskind are onvining and diult to irumvent unless a new radial
interpretation is given. The ounterproposal was given at the beginning of the
nineties by G. 't Hooft [5℄ who onsidered a situation similar to the example
disussed above. He argued to radially hange the way we ount degrees of
freedom in suh systems: in presene of gravity, an observer an only exite the
states with an energy less than the one needed to form a blak hole. With this
presription in mind let us onsider a gas of partiles at a nite temperature T .
The energy of the system is given by the Boltzmann law:
E ∝ V T 4,
whih implies
S ∝ V T 3.
Imposing that E < R2 where R is the Shwartzshild radius of the system (thus
no gravitational ollapse an our), then the entropy satises the bound
S ∝ A 34 < A,
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whih ould be read as the statement that a blak hole is the physial system
with the highest reahable entropy. The whole hypotesis provides also an elegant
solution to Hawking paradox: the information "lost" inside the blak hole whih
is eventually emitted through a thermal radiation an be possibly reovered
bearing in mind that, sine the entropy is a measure of the degrees of freedom
aessible to the system, then the Bekenstein bound is only another way to
say that all the datas inside the blak hole an be enoded on the event horizon
with a density not exeeding ρP , i.e. on a lattie with the Plank length lP
as the harateristi one, one bit of information per lattie site. In suh a way
there is no more need to break the laws of quantum mehanis in presene of
an extreme gravitational eld.
Moreover the above onept an be pushed a step further and it an be
generalized to the statement that all the information living in a D-dimensional
manifoldM an be enoded in an hypersurfae of odimension 1 (usually but not
neessarly the boundary ∂M) with a density of states not exeeding ρP . Thus
the main onsequene of this idea is that the usual way of ounting degrees of
freedom in a quantum eld theory with a ut-o is highly redundant in a system
where gravity is swithed on. In this situation if we try to exite more than
A
4
degrees of freedom, we are taking into aount a number of states whose energy
leads to the formation of a blak hole and thus in ultimate instane they are
not aessible. This is the key idea behind 't Hooft holographi priniple.
Sine its formulation in 1993 one the main task of modern physis has been
to assoiate to the holographi priniple a onsistent theory in the same way as
general relativity is the natural son of the equivalene priniple. Unfortunately
up to now there is no suh a andidate theory and the main suesses in this
diretion have been only limited to a ertain lass of systems. We are going now
to briey review them.
1.1 The ovariant entropy onjeture
In ultimate analysis the holographi priniple represents a new interpretation
of the deep physial signiane of the Bekenstein bound. Thus a natural step
in order to further motivate 't Hooft onjeture outside the blak hole horizon
is to look for an entropi bound inside a more generi spae-time region.
This question was addressed in a series of papers by Bousso [6℄ [7℄ who on-
sidered a 3-dimensional spae-like region Σ in arbitrary 4-dimensional manifold1
1
Although we refer for simpliity to a 4 dimensional manifold, Bousso analysis an smoothly
be extended to higher dimensions
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suh that its boundary ∂Σ is spae-like as well. From eah point in ∂Σ it is
possible to onstrut four light rays, two future direted and two past direted.
The set of all these light-like onguenes forms the so alled "light sheets" whose
dynamis is governed by the Rayhauduri equation
dθ
dλ
= −θ
2
2
+ ωabω
ab + σabσ
ab + 8πRabk
akb, (1.3)
where θ = 1A
dA
dλ , ωab is the torsion tensor, and σab is the shear tensor.
Bousso presription is to onsider all the light-sheets L with a negative expansion
and to follow them until the expansion hanges sign or they end on a austi or
at the boundary of the geometry. The ovariant entropy onjeture states that
the entropy inside these regions satises the bound
S(L) ≤ A
4
, (1.4)
where A is the area of ∂Σ.
The onjeture an be learly viewed as a generalization of Bekenstein work
and of all other entropy bounds derived in the framework of general relativity
(see as an example [8℄). Moreover, by its own onstrution, the relation (1.4)
is manifestly invariant under time reversal whih is a property that annot be
understood at a level of thermodynami only and sine there is no assumption
about the mirosopi physis of the underlying system, the most natural way to
interpret Bousso result is at a level of degrees of freedom aessible to the system
itself. Thus inspired by 't Hooft work, Bousso formulated a sort of generalized
holographi priniple [7℄:
Bousso holographi priniple: Consider a 2-dimensional region B of area A
satisfying the ovariant entropy onjeture, then the number N of orthonormal
states in the Hilbert spae H desribing the physis in the bulk region L satises
the bound
N ≤ exp A
4
,
or equivalently the number of degrees of freedom Ndof aesible to the system is
Ndof ≤ A
4
.
This reipe assoiate to any two dimensional surfae two light-like hypersur-
faes with a bounded number of degrees of freedoms. Nonetheless this result is
learly limited to a loal a priori xed region of spae-time; on the other hand it
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would be more interesting to know if it is possible to apply Bousso holographi
onjeture to an hypersurfae able to store informations from the global spae-
time and not only from a limited portion. The solution works exalty inverting
the previous presription: starting from a null hypersurfae, one should nd
the geodesi generators with a non negative expansion until the expansion itself
hanges sign. This proedure, alled by Bousso "projetion", identies a two
dimensional spatial surfae whih is alled sreen. Moreover inside the lass of
sreens, we an identify a ertain sublass represented by the surfaes with a
vanishing expansion at any point. The latter are referred to as preferred sreens
sine it has been onjetured in [7℄ that preisely on these surfaes the holo-
graphi bound is saturated. In this thesis, we will show that this onept plays
a pivotal role in the onstrution of an holographi orrespondene at a level of
quantum eld theory. In fat, sine it is easy to identify a preferred sreen in a
wide lass of spae-times, it will be natural to onstrut expliitly the dual eld
theory on suh submanifold.
Up to now we have given a bakground independent formulation of the holo-
graphi priniple and we have given as well the rules for nding those surfae
where to enode the bulk information with a density not exeeding one bit of
information per Plank area. Eventually, in our hands we have a sort of "geo-
metri" (or lassial) holography but up to now we have no lue of what sort
of theory we should expet on the (preferred) sreens. Clearly we annot nd,
even a priori, a onventional quantum eld theory sine the holographi prin-
iple is far more dierent and elusive than simply assigning some inital datas
on a Cauhy surfae. Moreover it has been pointed out in [9℄ that the prie for
proteting quantum mehanis and general relativity from a reiproal ontrad-
dition ould possibly be the loss of loality in the holographi theory. From one
side this is not surprising sine it is diult to oneive a loal quantum eld
theory with ut-o without an entropy proportional to the volume. Nonetheless
we ould still avert the loss of loality of the theory by introduing an unusual
gauge simmetry. Stripping the details of suh a formulation let us briey om-
ment that in this approah, advoated by 't Hooft and mainly applied to the
blak hole senario, we distinguish between "ontologial states" growing in num-
ber as the volume of the system and "equivalene lass" of states growing instead
as the area and reproduing the Bekenstein bound. This proposal, although
extremely interesting, is quite diult to apply in a more general setting and it
does not reprodue yet Bousso results. For this reason we shall not disuss suh
an approah any longer.
So far we have used the holographi priniple only within the realm of general
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relativity and the main result has been only to understand where the bound on
the number of degrees of freedom an eetively be implemented; the next
natural step is to enter the realm of quantum eld theory and try to write a
theory where suh a priniple is manifest. The most natural and straightforward
senario would be to onstrut suh an "holographi theory" on a preferred
sreen where the bound of one bit of information per Plank area is saturated.
In this ase we expet a kind of ditionary relating the datas on the sreen
with those in the bulk and we will refer from now on to this situation as the
dual theory. Although it seems very diult to write suh a theory for a generi
system, up to now the only suessful example of an holographi orrespondene
at a level of quantum eld theory, namely the AdS/CFT orrespondene, is
indeed a dual theory living on the preferred sreen of an asymptotially anti de
Sitter spae-time.
Nonetheless as pointed out by Bousso in [7℄, the "dual" approah is in general
doomed to failure sine one of the peuliar aspet of asymptotially AdS spae-
times is the spae-like nature of its boundary. This implies that the number
of degrees of freedom is xed whereas in presene of a time-like boundary suh
number should evolve in Lorentzian time. In this ase we should talk only of
a "holographi theory" where the information stored on the sreen does not
neessarly saturate the Plank limit and a ditionary relating bulk/boundary
datas is elusive at best. In this thesis we will advoate this point of view in a
more radial way sine we will deal with a lass of manifolds, the most notable
ones being the asymptotially at spae-times, where the natural hoie as a
preferred sreen, i.e. either the boundary ℑ+ or ℑ−, is a null submanifold. Thus
by its own nature, in suh a ase, the sreen does not provide a good notion of
time evolution and the reognition of the degrees of freedom is diult sine we
annot even talk of an "ativation" and a "deativation" of aessible states as
advoated by Bousso for time-like sreens. We will show that in this ontext it
is diult as well to keep trak of the onept of loality and it is likely that
the holographi theory will be most probably very dierent from a onventional
gauge theory.
The nal message that we an read from Bousso onjeture is that it an be very
diult to use the holographi priniple to "desribe nature" sine its realization
an be extremely elusive and as far as we understand, it is not manifest either
in general relativity or in quantum eld
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1.2 Holography and asymptoti symmetries
At a quantum level the most notable example of the realization of the holo-
graphi priniple is the AdS/CFT orrespondene [10℄. Although it is not the
purpose of this thesis to explain the details of suh theory [11℄ [12℄, let us
nonetheless point out some of the peuliar aspets haraterizing this orre-
spondene as unique by its own nature.
The original Maldaena's statement deals with the existene of a omplete
equivalene between type IIB superstring theory in the bulk of AdS5 ⊗ S5 and
maximally supersymmetri 3+1 dimensional SU(N) SYM theory (thus onfor-
mally invariant) living on the boundary of the AdS spae-time. This orrespon-
dene an be geometrially read as a relation between a string theory invariant
under SO(2, d − 1), the symmetry group of the AdSd spae time and a quan-
tum eld theory living on ∂AdSd and invariant under the asymptoti symmetry
group of the bulk spae-time. Moreover, although the gauge/gravity orrespon-
dene has been originally introdued in the maximally symmetri bakground,
Maldaena ideas an be generalized to any asymptotially anti-de Sitter bak-
ground by means of an holographi renormalization group; this tehnique allows
to ompute orrelation funtions of the dual elds only through near boundary
omputations whih rely only upon the asymptoti struture [13℄. In this way
the original AdS/CFT reipe that assoiates to every bulk eld Φ a gauge in-
variant boundary operator OΦ is still valid and the boundary values of the bulk
elds are identied with soures that ouple to dual operators; eventually the
on-shell bulk partition funtion is identied with the generating funtion of the
(bulk) qunatum eld theory orrelation funtions:
Zsugra[Φ(0)] =
∫
Φ∼Φ(0)
[dΦ]e−S[Φ] =< exp(−
∫
∂AAdS
Φ(0)O) >QFT ,
where <,> represents the Feynmann quantum eld theory expetation value
and ∂AAdS is the boundary of an asymptotially anti de Sitter manifold. Fol-
lowing the details of the foundational work of Henneaux and Teitelbom [14℄ it is
lear that the ase of negative osmologial onstant is quite peuliar; rst of all
the nature of the boundary itself is extremely unique sine, as mentioned before,
it is a spae-like submanifold whih in the spirit of Bousso onjeture represents
a preferred sreen. As an example let us onsider the AdSd spae-time whih is
topologially equivalent to ℜ × Sd−1 and an be desribed through the metri
ds2 = R2
[
−1 + r
2
1− r2 dt
2 +
4
(1 − r2)2
(
dr2 + r2dΩ2d−2
)]
,
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where R is the urvature radius. Sliing with hypersurfaes of onstant time,
the boundary is a 2−sphere (thus a spae-like submanifold) at r = 1 with
a divergent area; in the spirit of Bousso's bound, we an onsider the past
direted radial light-rays starting from r = 0 at a ertain xed time. They
emanate from a austi (i.e. θ = +∞ in (1.3)) and they form a light one
with a spherial boundary whih grows in time until it reahes the boundary
r = 1 where it is easy to hek that θ → 0 whih, in the language of [7℄, implies
that the AdS boundary is a preferred sreen. At a quantum level, instead, the
dual theory is invariant under the onformal group ; this enables us to read
the bulk/boundary orrespondene as a relation between the infrared setors
in AdSd and the ultraviolets setor in ∂AdSd whih is a remarkable feature
sine it has allowed [15℄ to show expliitly that on the boundary the number of
degrees of freedom is bounded by a bit of information per Plank area whih is
a neessary harateristi of any holographi theory.
A natural question raising from these onsiderations is whether and to what
extent it is possible to follow the road settled by Maldaena in a dierent bak-
ground. The work done in (asymptotially) dS spae [16℄, is often based upon
analyti ontinuation from AdS solutions and thus the results so far are of no
use in asymptotially at spae-times sine the transition of the value of phys-
ial relevant quantities from non zero osmologial onstant to Λ = 0 is non
smooth. Thus, in the Λ = 0 framework what happens is quite dierent from
the AdS ase; at a geometri level and in the spirit of nding an holographi
theory we notie that in the lass of asymptotially at spae-times the notion
of preferred sreen does not apparently dier from the AdS senario. Taking
as leading example Minkowski spae-time, the boundaries ℑ± are topologially
equivalent to ℜ×Sd−2; in absene of a blak hole it is easy to show [7℄ that the
value of θ goes to 0 as we approah the boundary. Nonetheless it is imperative
to remark that, as soon as a gravitational ollapse our, ℑ+ does not represent
any more a sreen sine, as we an see drawing the Penrose diagram, part of
the information oming from ℑ− falls into the blak-hole whih means, from an
holographi point of view, that the datas are stored on the apparent horizon.
Nonetheless the past boundary ℑ− an always been seen as a preferred sreen
but this should not mislead us in onluding that the situation is idential to
the one experiened in the Maldaena onjeture. In fat, as we shall see in
greater details in hapter 4, in asymptotially at spae-times there is a ner
relation than in asymptotially AdS manifolds between the asymptoti sym-
metry group and the bakground metri. In the Λ = 0 senario, the group of
asymptoti isometries ontains not only the Poinaré group whih is the bulk
1.2 Holography and asymptoti symmetries 15
symmetry group but also angle-dependent translations whih ultimately lead to
an innite dimensional Lie group (the BMS group) [17℄. Leaving the details of
its derivation to the forthoming hapters, sue to say that the BMS group is
the semidiret produt of the Lorentz group with the set of lass C∞ maps from
the sphere Sd−2 to the real numbers and, moreover, it admits a unique four
dimensional normal subgroup whih is isomorphi to the translation subgroup.
A tempting onlusion would be to mod out the non Poinaré part of the BMS
group by adding some suitable (but unnatural) boundary onditions but, as we
will show, this is impossible whenever the bakground metri is not stationary.
The latter is an unwanted restrition sine there is no reason why it should exist
a dierent desription of a potential holographi theory in presene of a time
dependent or a non time dependent manifold.
From the above remarks, it follows that there is a further signiant dif-
ferene between asymptotially AdS and asymptotially at spae-times. In
the rst ase the preferred sreen is a spae-like submanifold and the group
of asymptoti isometries is a universal struture whih ultimately does not de-
pend on the hoie of the bakground metri; on the opposite, in the Λ = 0
senario, applying Bousso onjeture, it omes natural to store the holographi
datas on a null hypersurfae whose symmetry group, the Bondi-Metzner-Sahs
group, an be redued in stati bakgrounds to the Poinaré subgroup. In the
spirit of an holographi orrespondene, this is a harateristi very diult to
take into aount sine at rst sight it leads us to onlude that in an asymp-
totially at bakground, the bulk/boundary orrespondene depends partially
upon the hosen metri and at a geometri level it is not a universal feature.
Thus, in the spirit of a "universal" gauge/gravity orrespondene, we suggest
not to distinguish between time and non time-dependent bakgrounds and to
try to onstrut the bulk/boundary relation starting from the full BMS group
2
.
For this reason we will not start onstruting the dual theory as in AdS in
the maximally symmetri bakground (i.e. Minkowski spae-time) but we will
address the problem in the most general framework.
A further striking dierene between the asymptotially AdS and at se-
nario omes from the quantum theory. As mentioned before in the AdS/CFT
orrespondene (and partially in the dS/CFT senario) the boundary theory
is a onformal eld theory living on a spaelike manifold; thus we have been
able to expliitly derive both the partile spetrum and the orrelators for the
boundary theory in any asymptotially AdS bakground and eventually these
2
We expet that, in the eventual holographi theory the existene of a preferred Poinaré
subgroup in stati spae-times will be reovered in some suitable limit.
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results led us to disover new insights on the dynami of the string theory living
in the bulk. On the opposite in asymptotially at spae-times the situation
is almost reversed sine in an holographi senario we fae a boundary theory
living on the ℑ+ or on ℑ− whih are null submanifolds. This implies that the
underlying metri is degenerate and the usual tehniques fail sine at present
there is no diret way to write either a lassial or a quantum eld theory living
on ℑ±. Moreover the spetrum of a BMS eld theory is unknown and andidate
wave equations are not available. This prevents us to ompare, as it has been
done in AdS, the Poinaré (bulk) with the BMS (boundary) spetrum in order
to understand some feature of the holographi orrespondene and write a sort
of bulk/boundary ditionary. Nonetheless although we fae a great number of
odds trying to onstrut the dual theory, in this thesis we advoate that a line
of researh looking for an holgraphi theory in asymptotially at spae-times
through the BMS group is far more reliable than most of the alternatives pro-
posed until now sine most of them deal with the large R limit of the AdS
senario without taking into aount the non smooth transition of physial ob-
servables between non vanishing and vanishing osmologial onstant. Moreover
in the above approah the peuliar nature of the asymptoti symmetry group of
asymptotially at spae-times is not taken into aount and for this reason the
geometri dierene between stationary and non stationary bakground, whih
is non existent in the AdS senario, is always hidden.
Thus, in this thesis, our rst step will be to look at BMS representation theory
following the approah that led Wigner [18℄ to onstrut the wave equations for
the Poinaré group. Our nal purpose will be to derive the spetrum of the
andidate dual theory and to ompare it with the bulk one; nonetheless we an
antiipate that, being the Poinaré group a subgroup of the BMS, the partile
spetrum of the asymptoti simmetry group of at manifolds will be larger and
riher ompared to the Poinaré spetrum thus leading to the natural onjeture
that the boundary theory will ontain an unneessary large number of datas.
1.3 "Intrinsi" holography
The holographi priniple has been formulated as a onjeture over the ounting
of degrees of freedom in a physial system without any referene to a partiular
theory. Nonetheless the suesses of AdS/CFT orrespondene led often to think
to holography as a gauge/gravity orrespondene allowing to desribe quantum
gravity or a quantum eld theory in a urved bakground through a seond eld
theory without gravity living on the boundary. Suh a way of thinking, although
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not without redit, requires 't Hooft onjeture only as a neessary ondition
and not as a suient one. In partiular an interesting line of researh would
be to explore whether it is possible to strengthen the above remark looking for
an holographi orrespondene outside the realm of Maldaena example.
Bearing in mind suh idea, the most natural andidate in this diretion is
a 2 + 1 spae-time; in this framework it has been known sine the late eighties
[19℄ that three dimensional gravity (eulidean and non) with non vanishing
osmologial onstant an be formulated as a Chern-Simons theory. More in
detail on a manifold with empty boundary M the ation for this system is
S = k
∫
M
d3x[A ∧ dA+ 2
3
A ∧ A ∧ A], (1.5)
where A is a onnetion for the gauge group SL(2,C). An interesting feature of
(1.5) emerges if we onsider a manifold M suh that ∂M 6= 0 sine we have to
add a boundary term to the above ation. Supposing, as an example, that the
three dimensional variety an be splitted asM = Σg×ℜ where Σg is a Riemann
surfae, the variation of (1.5) is
δS = k
∫
d3xǫµνρTr(δAµFνρ) + k
∫
d3x∂ν [ǫ
µνρTr(AµδAρ)].
This formula implies that we have to implement a boundary ondition suh that∫
∂M
Tr(AδA) = 0; taking for simpliity Σg as a disk and interpreting the real axis
as a time diretion, the above boundary onstraint an be ahieved imposing
that one of the omponent of the onnetion, namely the temporal one A0,
vanishes. With this ondition imposed, the gravitational ation beomes:
S = −k
∫
D×ℜ
d3xǫijTr(AiA˙j) +
k
3
∫
D×ℜ
d3xǫijTr(A0Fij).
The omponent A0 ats as a Lagrange multiplier leading to the onstraint Fij =
0 whih admits as a solution pure gauge onnetions i.e.
A = g−1dg.
Substituting this result in the Chern-Simons ation, it beomes
S = −k
∫
D×ℜ
dθdtT r(g−1∂θgg−1∂0g)+
+
k
3
∫
D×ℜ
d3xǫµνρTr(g−1∂µgg−1∂νgg−1∂ρg). (1.6)
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This is exatly the ation of a hiral WZW model and more in general it is possi-
ble to demonstrate that, dropping the hypotesis that Σ = D, the Chern-Simons
ation still indues a WZW boundary term for any ompat surfae. Moreover
a deeper relation between three dimensional gauge theories and CFT an be
realized upon quantization of the Chern-Simons ation. Without entering into
the tehnial details [20℄ [21℄, we are faing a system whih, although at rst
sight the ation (1.5) looks highly non linear, an be quantized through a anon-
ial formalism. Working always for simpliity with M = Σ × ℜ and with the
gauge hoie A0 = 0, the proedure onsists rst in quantizing (1.5) and then in
imposing the onstraint that the urvature vanishes, i.e.
δL
δA0
= ǫijF aij = 0; this
implies that we onsider as a phase spae the moduli spae of at onnetions
over Σ, modulo gauge transformations. At a geometri level the above proe-
dure is approximately equivalent to the onstrution of a suitable Hilbert spae
HΣ over the Riemann surfae Σ; this operation requires the hoie of a omplex
struture J over Σ andHJΣ an be interpreted as a holomorphi vetor bundle on
the moduli spae of Riemann surfaes. Moreover sine we also require that HJΣ
is indipendent from J and depends only on Σ, this implies the the vetor bundle
given by HJΣ has at onnetions as we expet in a Chern-Simons gauge theory.
The above remarks are important sine at bundles appear also in onformal
eld theory; if one onsider, as an example, a urrent algebra on a Riemann
surfae with a generi symmetry group G at level k, it is a anonial result that,
at genus 0, the Ward identities uniquely determine the orrelation funtions for
the identity operator and its desendants. On the opposite, when the genus is
greater than 1, the spae of solution of Ward identities for desendants elds of
the operator I is a vetor spae often named "spae of onformal bloks" whih,
following Segal onstrution [22℄, is exatly idential to the above Hilbert spae
HΣ.
Thus starting from these onsideration, we are entitled to laim that there is
a one to one orrespondene between the spae of onformal bloks in 1+1 di-
mensions and the Hilbert spae obtained upon quantization of a Chern-Simons
gauge theory in 2+1 dimensions. Furthermore, although these results rigorously
apply only to a spae-time fatorizable as Σ×ℜ, Moore and Seiberg [23℄ brought
Witten's analysis a step further onjeturing that all the hiral algebras of any
rational onformal eld theory arise from the quantization of a 3D Chern-Simons
gauge theory for some ompat Lie group. This hypotesis is learly very sug-
gestive; it onnets in three dimensions the bulk datas whih, at quantum level
are enoded in the Hilbert spae of the theory, to the spae of onformal bloks
of the boundary theory that are ultimately related to the orrelation funtions
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whih basially enode the dynami of the theory.
Although at this stage it would be tempting at rst sight to read the above
statement as a sort of hint of an holographi orrespondene, it is imperative to
remark that this would be at best premature. First of all, even if it would be na-
tural to read the CS/WZW relation as a sort of rephrasing of the AdS3/CFT2
orrespondene, this point of view is unjustied sine there is no way to ex-
lude a priori that the two relations are dierents. Moreover in the spirit of a
gauge/gravity orrespondene it is neessary to nd a sort of deoupling regime
whih allows us to separate the bulk from the boundary dynamis but at present
time, this is a feature whih has not been disovered yet. Nonetheless, taking
into aount the deep relation desribed before between the spae of states of
a Chern-Simons theory and the spae of onformal bloks of a WZW model,
we still advoate the existene of a sort of "intrinsi" holographi desription
of the CS/WZW system. Furthermore we laim that, instead of studying an
AdS type orrespondene in the ontinuum, the most natural way to look at
the bulk/boundary theory in 2+1 dimensions is through a omplete dierent
approah; in fat is known that three dimensional eulidean gravity on a man-
ifold with (or without) boundary is equivalent to a disretized model proposed
by Ponzano and Regge [24℄.
Without entering for now in unneessary tehnial details [25℄, in a dis-
retized senario a D-dimensional manifold is approximated through a polyhe-
dron whose underlying onstituent piees are a olletion of D-simplies
3
glued
together along a ommon D-1 dimensional subsimplex. In this senario, known
also as Regge alulus, the main features are to assign to eah edge of the
triangulation a length and to onsider the urvature as onentrated over sim-
plies of odimension 2 known also as hinges or bones; starting from this simple
assumption it is possible to give a disretized analogue of Einstein ation:
SE =
∑
bones
ǫi | σi |,
where | σi | represents the volume of the i-th at simplex of odimension 2 and
ǫi is the so alled deit angle whih is equal to the dierene between 2π and
the dihedral angles between the faes of the simplies meeting at the hinge.
In the approah proposed by Ponzano and Regge, instead, the reipe is a
little bit dierent: even if we deal with a three dimensional triangulated manifold
with the urvature onentrated over one dimensional bones, we label eah edge
3
By a p-simplex σp with verties x0, ...xp we mean the subspae of ℜd dened as σd =
p∑
i=0
λixi where λi are real positive numbers satisfying the relation
∑
i
λi = 1.
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of the simplies with an element ji of the group SU(2) whih is ultimately
related to the length through the relation li = ji~+
1
2 . Moreover, starting from
the reombinatorial theory of angular momentum, this onstrution also lead
us to naturally assoiate to eah fae of a triangle a Wigner 3jm symbol and
to eah tetrahedra a Wigner 6j symbol. Starting from these assumptions, the
main purpose in [24℄ was to study the asymptoti formula for the 6j symbol
in a sort of semilassial limit where the assignement ji is diverging, ~ → 0
but the produt ji~ (thus in ultimate instane the edge length), is kept xed.
Eventually it was found
4
:{
j1 j2 j3
j4 j5 j6
}
∼ 1
2πV
cos
(
6∑
i=1
jiθi +
π
4
)
,
where V is the volume of the tetrahedron and θi is the external dihedral angle
at the i − th edge. To onnet this formula to quantum gravity let us onsider
the following topologial state sum for a generi three dimensional manifold M
with non empty boundary:
Z[(M3, ∂M3)] = lim
L→∞
∑
 (T
3, ∂T 3)
J, j,m ≤ L

Z[(T 3, ∂T 3)→ (M3, ∂M3);L],
Z[(T 3(J), ∂T 3(j;m))→ (M3, ∂M3);L] ≡ Z[(T 3, ∂T 3);L] =
Λ(L)−N0
N1∏
1
(−1)2J(2J + 1)
N3∏
1
(−1)
∑
J {6j} (J)
Λ(L)−n0
n1∏
1
(−1)2j(2j + 1)
NF3∏
1
(−1)
∑
(J+j) {6j} (J, j)
n2∏
1
(−1)(
∑
m)/2 [3jm] , (1.7)
where Ni represents the number of i-th simplies in the triangulation T
3
, {6j}
and [3jm] are respetively the 6j and 3jm SU(2) symbols and Λ(L) is a suitable
uto. In the limit where ∂M = 0 the above formula redues to:
Z[M3] = lim
L→∞
∑
{T 3(j),j≤L}
Z[T 3(j)→M3;L]
4
This formula was rigorously demonstrated by Roberts in [26℄
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Z[T 3(j)→M3;L] = Λ(L)−N0
N1∏
A=1
(−)2jA(2jA + 1)
N3∏
B=1
(−)
6∑
p=1
{
j1 j2 j3
j4 j5 j6
}
.
(1.8)
In the semilassial limit, the state sum beomes
Z[T 3(j);L] = Λ(L)−N0
N1∏
A=1
(−)2jA(2jA + 1)
N3∏
B=1
(−)
6∑
p=1
2πV
cos
(
6∑
i=1
jiθi +
π
4
)
,
(1.9)
and by exploiting the relation cos θ = e
iθ+e−iθ
2 , we an reognize in (1.9) a term
whih looks like a Feynmann sum over histories i.e.
Λ(L)−N0
N1∏
A=1
(−)2jA(2jA + 1)
N3∏
B=1
exp(i
∑
edges l
jlǫl),
where ǫl is the deit angle at the edge l. Considering the produt over the
edge lengths as a sort of disretized measure we an interpret the last term in
the above formula as a statistial weight a la Feynmann eiS with a Regge type
ation S =
∑
jlǫl.
In an holographi setting the wish is to deouple in (1.7) bulk datas from
boundary ones and in order to omplete this task, we rst need to reognize that,
in a xed triangulation, the bulk piees are desribed by the utuations of the
SU(2) assignements of the thetraedra ompletely inside the manifold whereas
the remaining piees desribe the interation bulk-boundary and are given by
those thetraedra having some omponent on the boundary. In partiular, given
a triangulation T 3, we an always rene it in suh a way that eah thetraedra
sharing with the boundary a ertain number of faes, has atually only one
fae on ∂T 3; this onstrution provides us with the so alled "standard trian-
gulation". In this framework it is easy to distinguish two types of omponents
ontributing to the boundary datas: the previously mentioned thetraedra {σF }
sharing a fae with ∂T 3 whose number will be denoted NF3 and those thetraedra
sharing a single edge {σE} with ∂T 3 whose number will be NE3 . These elements
represent the oupling thetraedra. In reality, in the spirit of the holographi se-
nario, in order to deouple the bulk/boundary datas, we should take a proper
limit on some metri variable and this role in the PR model is played by those
thetraedra with all the edges in the interior of T 3 but with a single vertex on
∂T 3; we shall indiate them as {σV } and their number will be running from 1
to NV3 .
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The deoupling proedure implies that all the boundary omponent are kept
xed and the assignements of "bulk" edges are all resaled by the same fator
R. This learly provides for eah separate omponent a dierent asymptoti
expression (see [27℄ and referenes therein for further details):
• for the thetaedra σF we have:
{6j}(σF , R) ≡
{
j1 j2 j3
J1 +R J2 +R J3 +R
}
−→
R≫ 1 (1.10)
(−1)Φ√
2R
[
j1 j2 j3
µ1 µ2 µ3
]
, (1.11)
where from now on the apital letters are referred to bulk assignments,
the small to boundary assignments and Φ = j1+ j2+ j3+2(J1+J2+J3),
• for the tetrahedra σE we have:
{6j}(σE , R) ≡
{
J1 +R j J2 +R
J3 +R J4 +R J5 +R
}
(1.12)
−→
R≫ 1
(−1)Ψ
2R
djν2ν3(θ), (1.13)
where Ψ = 3J1+ j +2(J2 + J3+ J4 + J5) + ν1 and θ is the angle between
the the edge labelled by j and the quantization axis,
• for the tetrahedra σV we have:
{6j}(σV , R) ≡
{
J1 +R J2 +R J2 +R
J4 +R J5 +R J6 +R
}
−→
R≫ 1
(12πV(σV ))−1/2 exp
{
i
(
6∑
α=1
lαθα + π/4
)}
, (1.14)
where V(σV ) is the Eulidean volume of the tetrahedron spanned by the six
edges {lα}, lα = Jα+1/2 and θα is the angle between the outward normals
to the faes whih share lα (these angles an be obviously expressed in
terms of the J 's).
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Eventually the partition funtion assoiated with this onguration is
Z[(T 3, ∂T 3)st;R≫ 1;L] =
Λ(L)−N0
N1−N∗1∏
1
(−1)2J(2J + 1)
N3−NE3 −NV3∏
1
(−1)
∑
J {6j} (J)
N∗1∏
1
(−1)2R(2R) Λ(L)−n0
n1∏
1
(−1)2j (2j + 1)
n2∏
1
(2R)−1/2 (−1)
∑
(J+R)+
∑
j+Φ(−1)(
∑
m)/2 [3jµ] [3jm]
NE3∏
1
(2R)−1(−1)
∑
(J+R)+j+Ψ djν2 ν3(θ)
NV3∏
1
(2R)−3/2(−1)
∑
(J+R) exp
{
i(
6∑
α=1
lαθα + π/4)
}
, (1.15)
where N∗1 is the number of edges of those bulk thetraedra that are not part of
the oupling datas.
The last step in order to ompletely determine the holographi deoupling
is to reognize that the topologial union of {σV } ∪ {σE}∪ {σF } lls in a thik
shell of the order of the deoupling parameter R lose to the boundary ∂T 3;
we are thus entitled to introdue the triangulation T˜ 3
.
=
(
IntT 3
) − {σV } ∪
{σE} ∪ {σF } and the xed 2-dimensional triangulation Σin(R) losing up T˜ 3.
The ouple (T˜ 3,Σin(R)) is topologially equivalent to (T 3, ∂T 3) and moreover
Σin(R) represents a sort of "inner boundary" whose intersetion with ∂T 3 is
empty. If we now introdue the set Ni(Σ
in(R)) of i-simplies in Σin(R), we an
assoiate to (T˜ 3,Σin(R), the partition funtion:
Z[(T˜ 3,Σin(R));L] =
Λ(L)−(N0−N0(Σ
in))
N1−N∗1∏
1
(−1)2J(2J + 1)
N3∏
1
(−1)
∑
J {6j} (J)
N1(Σ
in)∏
1
(−1)R(2R)1/2. (1.16)
In the end, the partition funtion (1.15) an formally be splitted in three parts:
Z = ZbulkPbulk→ boundZhol,
where Zbulk = Z[(T˜
3,Σin(R));L], Pbulk→ bound is a projetion map onneting
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the inner boundary with ∂T 3 and nally
Zhol [Σout ;L] =
Λ(L)−n0−N0(Σ
in)
n1∏
1
(−1)2j (2j + 1)
n2∏
1
(−1)
∑
J+
∑
j+Φ (−1)(
∑
m)/2 [3jµ] [3jm]
NE3∏
1
(−1)
∑
J+j+Ψ djν2 ν3(θ)
NV3∏
1
(−1)
∑
J exp
{
i(
6∑
α=1
lαθα + π/4)
}
, (1.17)
represents the funtional that has to be assoiated with the holographi partition
funtion.
The rst result whih omes from the above deoupling is the non topologial
origin of (1.17) sine it is not invariant under Pahner moves; from one side this
does not allow us to easily reognize the nature of the above funtional but on
the other side this remark is rather enouraging in the spirit of an holographi
orrespondene. Moreover (1.17) shows a residual dependane from bulk datas
and more preisely from the asymptoti beahviour of bulk (gravitational) utu-
ations. This is in some sense reminding us the AdS/CFT orrespondene where
the soure terms for the boundary theory ouple a boundary operator to the
asymptoti beahviour of the bulk elds. A deeper look at (1.17) allow us to
give prominene to the presene of a pair of 3jm symbols for eah vertex with
a Wigner symbol onneting them. From one side, this suggests that the boun-
dary funtional ould possibly be assoiated to fat trivalent graph whih are
ultimately dual to 2-dimensional triangulations. From the other side the pre-
sene of 3jm symbols in the boundary partition funtion enourages us to arry
on in the diretion of nding a relation between (1.17) and a onformal eld
theory sine it is a standard result from Moore and Seiberg [28℄ that it exists
a sort of ditionary between CFT and group theory. In partiular it is known
that the Clebsh-Gordan oeients (thus the 3jm symbols) for a ompat Lie
group G are in one to one orrespondene with the hiral vertex operator of the
orresponding G-invariant onformal theory. Following this line it is also possi-
ble to show that the Raah oeients are assoiated with the fusion matries
whih in the peuliar ase of the SU(2) group are exatly the 6j symbols. Thus,
within this sheme, it is natural to interpret the funtions of the group elements
as physial elds in a orresponding CFT and the produt of these funtions
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as the standard operator produt expansion. Moreover, onsidering the deep
relation existing between Chern-Simons and WZW models, it is also natural to
suppose that the boundary theory assoiated to the system that we are studying
is exatly a sort of disretized version of an SU(2) WZW onformal eld the-
ory. It is thus intriguing to pursuit this idea trying to relate (1.17) to a WZW
ation but unfortunately this line of researh annot be swiftly exploited sine
at present a oherent and universally aepted denition of a onformal eld
theory over a triangulated surfae is unknown. The reason of suh "deeny"
an be traked in the underlying big dierene between the two models sine the
disretized rely upon a ombinatorial approah whih is diult to apply in the
setting of a onformal eld theory that is more analyti in spirit. Nonetheless in
this thesis we will show that it is possible to irumvent suh problem exploting
the above mentioned orrespondene between triangulated surfaes and ribbon
graphs. Roughly speaking, starting from a standard 2-simpliial omplex, we
will assoiate to it a dual graph whih is ultimately dened through a olletion
of verties and edges onneting them. In this simple geometrial onstrution,
that we will outline more in detail in the next hapter, the underlying surfae
will be "divided" in a olletion of losed two dimensional ells; the main feature
of this operation will be the hane to dene in eah ell a uniformizing omplex
oordinate and a unique quadrati dierential (and as a onsequene a metri).
This result will allow us to swith from the purely ombinatorial approah of the
simpliial subsdivision of the Riemann surfae to a setting whih has the twofold
advantage from one side to retain the datas from the purely disretized approah
and from the other side to introdue analyti tools whih are more suitable if
we wish to work in the realm of a onformal eld theory. Starting from this
basis and keeping in mind the orrespondene between group theory and CFT
outlined mainly by Moore and Seiberg, in this thesis we will adress the problem
of the denition of a onformal eld theory on a triangulated polyhedron using
the tehniques oming from the "graph approah" to the disretized setting;
nonetheless, bearing in mind that our ultimate goal is to study the holographi
orrespondene in the Ponzano-Regge alulus and to gain some insight on the
true nature of the boundary funtional (1.17), we will speialize our analysis
on the denition of a WZW model on a triangulated Riemann surfae with the
gauge group SU(2). In partiular, following the works of Gaberdiel [29℄, we will
be able also to expliitly write the partition funtion for the subase of a WZW
model with gauge group SU(2) at level 1 and eventually to ompare this result
with (1.17) showing striking similiraties between both formulas.
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1.4 Outline of the thesis
As we have mentioned several times in the previous setions, the main pur-
pose of this thesis is to study dierent physial systems where the holographi
priniple appears to be realized in a way ompletely dierent from Maldaena
approah where "holography" is a synonym of a gauge/gravity orrespondene
that assoiate to a eld theory in a urved bakground on a bulk manifold M ,
a gauge theory without gravity living on the boundary of M . Bearing this in
mind and following the motivations of setion 1.3 in the next hapter, we study
a two dimensional triangulated surfae; the leading line will be to introdue sev-
eral mathematial tools that we will exploit in hapter 3 in order to introdue a
WZWmodel. In partiular as we have outlined in the previous setion, the natu-
ral approah in this senario is to swith from a triangulation to its dual graph;
thus in setion 2.1 we start introduing anonial onepts onerning Regge
triangulations and in partiular we outline the beautiful Troyanov formulation
of the Gauss-Bonnet theorem for triangulated manifolds and its impliations.
The key onepts of this hapter will be outlined in setion 2.2 and 2.3 where
we will introdue the baryentri subdivision of a two dimensional triangulation
T . With this geometri onstrution we will be able to assoiate to T a dual
trivalent graph PT and we will show how it is possible to parametrize through
ribbon graphs the moduli spae of Riemann surfae; moreover we apply Strebel
theory of quadrati dierential in the ontext of triangulated surfaes emphasiz-
ing the role of uniformizing omplex oordinates. In this setion as antiipated
before we will move from a purely ombinatorial language to a more analyti
approah endowing the dual graph with a omplex struture that will play a
pivotal role in the onstrution of a onformal eld theory. The full extent of
this hange of "language" will be emphasized in hapter 3 whih represents the
main ore of this thesis together with hapter 4. In partiular, starting from
a Regge polytope we outline in setion 3.1 the onstrution of a WZW model.
Sine we always bear in mind that our ultimate goal is to apply our results in
the ontext of Ponzano-Regge alulus, we speialize our results to the group
SU(2). Starting from this point we will be able to ahieve a twofold result: in
setion 3.2 we onstrut the Hilbert spae for the theory with G = SU(2) at
level 1. In partiular, sine to eah dual ell of the dual polytope, is assoiated a
separate Hilbert spae, we expliitly desribe how they are related introduing
insertion operators assoiated to the ribbon graph that allow to swith from
states from one ell into another. In setion 3.3 instead we expliitly onstrut
the partition funtion for the WZW model with group SU(2)1 with the hope
1.4 Outline of the thesis 27
to relate the result with (1.17). In the end we nd striking similarities between
the two formulas but we are not still able to make a full orrespondene.
In the fourth hapter, instead, we swith from the study of a disretized sys-
tem in three dimensions to asymptotially at spae-times. As in the previous
hapters, our ultimate goal is to provide new insights in the realization of the
holographi priniple in this framework. As for the Ponzano-Regge senario,
we study mainly the asymptoti dynamis of the theory whose informations in
a at bakground are enoded in the asymptoti symmetry group, the Bondi-
Metzner-Sahs group. For this reason in setion 4.1 we review the derivation
and the main features of this group. In partiular we emphasize its twofold
nature as an asymptoti symmetry group from one side and on the other side as
the intrinsi symmetry group of the manifold ℑ. Starting from this remark and
bearing in mind Bousso ovariant entropy onjeture, we address in setion 4.2
the problem of a geometri reonstruion of the bulk spae-time starting from
datas enoded in ℑ ultimately nding that, due to high fousing of light rays,
a geometri holography is possible only within a restrited lass of manifolds,
namely the stationary ones. Thus this result fores us to swith our attention
to the quantum level in order to implement the holographi priniple and the
main problem that we fae is the absene of a BMS eld theory. For this rea-
son our rst priority will be to determine BMS wave equations and we will
follow a purely group theoretial way; after extensively reviewing in setion 4.4
MCarthy theory of representation, we present in setion 4.5 our main result
whih is the onstrution of BMS wave equations with the a method similar to
the one used by Wigner for the Poinaré group. Moreover we will emphasize
the asymptoti role of these elds, i.e. they evolve only on ℑ and they never
propagate in the bulk; this remark will suggest us to pursuit a road similar to
't Hooft ansatz of introduing an S-matrix in order to desribe propagation of
informations from ℑ+ to ℑ−. Furthermore the struture of the elds equations
will allow us to onjeture that any holographi orrespondene in asymptoti-
ally at spae-times has to show an high degree of non loality.
Finally in the last hapter, after reviewing our main results, we disuss open
questions mainly referring to the holographi priniple and we present some
further relation between our work and dierent approahes. In the end our aim
will be also to briey disuss some possible future line of researh whih ould
have this thesis as a starting point.
The ontent and the gures available in this thesis have been taken in part
from the following papers [30℄, [31℄, [32℄.
Chapter 2
Ribbon graphs and Random
Regge Triangulations
The aim of this hapter will be mainly to desribe the deep relation existing be-
tween random Regge triangulations and trivalent ribbon graphs. We will follow
the lines of [34℄ and [30℄ even though we will not onentrate on the desription
of the modular aspets of two dimensional gravity; instead we will emphasize the
role of the uniformizing oordinates and of the Strebel theorem as the main tools
needed in order to dene a onformal eld theory over a triangulated Riemann
surfae. In essene this hapter should be seen as preparatory for an appliation
to the WZW model and for the study of the relation between CS/WZW in a
disretized setting.
2.1 Triangulated surfaes and Polytopes
Let T denote a 2-dimensional simpliial omplex with underlying polyhedron
|T | and f - vetor (N0(T ), N1(T ), N2(T )), where Ni(T ) ∈ N is the number of
i-dimensional sub-simplies σi of T . Given a simplex σ we denote by st(σ), (the
star of σ), the union of all simplies of whih σ is a fae, and by lk(σ), (the link
of σ), is the union of all faes σf of the simplies in st(σ) suh that σf ∩σ = ∅. A
Regge triangulation of a 2 -dimensional PL manifoldM , (without boundary), is
a homeomorphism |Tl| →M where eah fae of T is geometrially realized by a
retilinear simplex of variable edge-lengths l(σ1(k)). A dynamial triangulation
|Tl=a| → M is a partiular ase of a Regge PL-manifold realized by retilinear
and equilateral simplies of edge-length l(σ1(k)) = a (see gure 2.1).
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|Tl|     
l(σ (k))1
M
Figure 2.1: A torus triangulated with triangles of variable edge-length.
The metri struture of a Regge triangulation is loally Eulidean every-
where exept at the verties σ0, (the bones), where the sum of the dihedral
angles, θ(σ2), of the inident triangles σ2's is in exess (negative urvature) or
in defet (positive urvature) with respet to the 2π atness onstraint. The
orresponding deit angle ε is dened by ε = 2π −∑σ2 θ(σ2), where the sum-
mation is extended to all 2-dimensional simplies inident on the given bone
σ0. If K0T denotes the (0)-skeleton of |Tl| → M , (i.e., the olletion of ver-
ties of the triangulation), then M\K0T is a at Riemannian manifold, and any
point in the interior of an r- simplex σr has a neighborhood homeomorphi to
Br×C(lk(σr)), where Br denotes the ball in Rn and C(lk(σr)) is the one over
the link lk(σr), (the produt lk(σr) × [0, 1] with lk(σr) × {1} identied to a
point). In partiular, let us denote by C|lk(σ0(k))| the one over the link of the
vertex σ0(k). On any suh a disk C|lk(σ0(k))| we an introdue a loally uni-
formizing omplex oordinate ζ(k) ∈ C in terms of whih we an expliitly write
down a onformal onial metri loally haraterizing the singular struture of
|Tl| →M , viz.,
e2u
∣∣ζ(k)− ζk(σ0(k))∣∣−2( ε(k)2pi ) |dζ(k)|2 , (2.1)
where ε(k) is the orresponding deit angle, and u : B2 → R is a ontinu-
ous funtion (C2 on B2 − {σ0(k)}) suh that, for ζ(k) → ζk(σ0(k)), we have∣∣ζ(k)− ζk(σ0(k))∣∣ ∂u∂ζ(k) , and ∣∣ζ(k)− ζk(σ0(k))∣∣ ∂u∂ζ(k) both → 0, [35℄. Up to the
presene of e2u, we immediately reognize in suh an expression the metri gθ(k)
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of a Eulidean one of total angle θ(k) = 2π − ε(k). The fator e2u allows
to move within the onformal lass of all metris possessing the same singular
struture of the triangulated surfae |Tl| →M . We an protably shift between
the PL and the funtion theoreti point of view by exploiting standard teh-
niques of omplex analysis, and making ontat with moduli spae theory (see
gure 2.2).
st(σ (k))0
lk
(σ
 (
k)
)
0
C|lk(σ (k))|0
ζk ∈C
Figure 2.2: The geometri strutures around a vertex.
2.1.1 Curvature assignments and divisors.
In the ase of dynamial triangulations, the piture simplies onsiderably sine
the deit angles are generated by the numbers #{σ2(h)⊥σ0(i)} of triangles in-
ident on the N0(T ) verties, the urvature assignments, {q(k)}N0(T )k=1 ∈ NN0(T ),
q(i) =
2π − ε(i)
arccos(1/2)
. (2.2)
For a regular triangulation we have q(k) ≥ 3, and sine eah triangle has 3
verties σ0, the set of integers {q(k)}N0(T )k=1 is onstrained by
N0∑
k=1
q(k) = 3N2 = 6
[
1− χ(M)
N0(T )
]
N0(T ), (2.3)
where χ(M) denotes the Euler-Poinaré harateristi of the surfae, and where
6
[
1− χ(M)N0(T )
]
, (≃ 6 for N0(T ) >> 1), is the average value of the urvature
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assignments {q(k)}N0k=1. More generally we shall onsider semi-simpliial om-
plexes for whih the onstraint q(k) ≥ 3 is removed. Examples of suh on-
gurations are aorded by triangulations with pokets, where two triangles are
inident on a vertex, or by triangulations where the star of a vertex may ontain
just one triangle. We shall refer to suh extended ongurations as generalized
(Regge and dynamial) triangulations.
The singular struture of the metri dened by (2.1) an be naturally sum-
marized in a formal linear ombination of the points {σ0(k)} with oeients
given by the orresponding deit angles (normalized to 2π), in the real divisor
[35℄
Div(T )
.
=
N0(T )∑
k=1
(
−ε(k)
2π
)
σ0(k) =
N0(T )∑
k=1
(
θ(k)
2π
− 1
)
σ0(k) (2.4)
supported on the set of bones {σ0(i)}N0(T )i=1 . Note that the degree of suh a
divisor, dened by
|Div(T )| .=
N0(T )∑
k=1
(
θ(k)
2π
− 1
)
= −χ(M) (2.5)
is, for dynamial triangulations, a rewriting of the ombinatorial onstraint
(2.3). In suh a sense, the pair (|Tl=a| → M,Div(T )), or shortly, (T,Div(T )),
enodes the datum of the triangulation |Tl=a| →M and of a orresponding set
of urvature assignments {q(k)} on the verties {σ0(i)}N0(T )i=1 . The real divisor
|Div(T )| haraterizes the Euler lass of the pair (T,Div(T )) and yields for a
orresponding Gauss-Bonnet formula. Expliitly, the Euler number assoiated
with (T,Div(T )) is dened, [35℄, by
e(T,Div(T ))
.
= χ(M) + |Div(T )|. (2.6)
and the Gauss-Bonnet formula reads [35℄:
Lemma 1 (Gauss-Bonnet for triangulated surfaes) Let (T,Div(T )) be
a triangulated surfae with divisor
Div(T )
.
=
N0(T )∑
k=1
(
θ(k)
2π
− 1
)
σ0(k), (2.7)
assoiated with the verties {σ0(k)}N0(T )k=1 . Let ds2 be the onformal metri (2.1)
representing the divisor Div(T ) . Then
1
2π
∫
M
KdA = e(T,Div(T )), (2.8)
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where K and dA respetively are the urvature and the area element orrespond-
ing to the loal metri ds2(k).
Note that suh a theorem holds for any singular Riemann surfae Σ desribed
by a divisor Div(Σ) and not just for triangulated surfaes [35℄. Sine for a
Regge (dynamial) triangulation, we have e(Ta, Div(T )) = 0, the Gauss-Bonnet
formula implies
1
2π
∫
M
KdA = 0. (2.9)
Thus, a triangulation |Tl| → M naturally arries a onformally at struture.
Clearly this is a rather obvious result, (sine the metri in M − {σ0(i)}N0(T )i=1 is
at). However, it admits a not-trivial onverse (reently proved by M. Troyanov,
but, in a sense, going bak to E. Piard) [35℄, [36℄:
Theorem 2 (Troyanov-Piard) Let ((M, Csg) , Div) be a singular Riemann
surfae with a divisor suh that e(M,Div) = 0. Then there exists onM a unique
(up to homothety) onformally at metri representing the divisor Div.
2.1.2 Conial Regge polytopes.
Let us onsider the (rst) baryentri subdivision of T . The losed stars, in suh
a subdivision, of the verties of the original triangulation Tl form a olletion of
2-ells {ρ2(i)}N0(T )i=1 haraterizing the onial Regge polytope |PTl | → M (and
its rigid equilateral speialization |PTa | →M) baryentrially dual to |Tl| →M .
If (λ(k), χ(k)) denote polar oordinates (based at σ0(k)) of a point p ∈ ρ2(k),
then ρ2(k) is geometrially realized as the spae
{(λ(k), χ(k)) : λ(k) ≥ 0;χ(k) ∈ R/(2π − ε(k))Z}/ (0, χ(k)) ∼ (0, χ′(k))
(2.10)
endowed with the metri
dλ(k)2 + λ(k)2dχ(k)2, (2.11)
as it an be seen in gure 2.3.
In other words, here we are not onsidering a retilinear presentation of the
dual ell omplex P (where the PL-polytope is realized by at polygonal 2-
ells {ρ2(i)}N0(T )i=1 ) but rather a geometrial presentation |PTl | →M of P where
the 2 -ells {ρ2(i)}N0(T )i=1 retain the onial geometry indued on the baryentri
subdivision by the original metri (2.1) struture of |Tl| →M .
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ρ(k)2
Figure 2.3: The onial geometry of the barientrially dual polytope.
2.1.3 Hyperboli usps and ylindrial ends.
It is important to stress that whereas a Regge triangulation haraterizes a
unique (up to automorphisms) singular Eulidean struture, this latter atually
allows for a more general type of metri triangulation. The point is that some
of the verties assoiated with a singular Eulidean struture an be hara-
terized by deit angles ε(k) → 2πi.e., ∑σ2(k) θ(σ2(k)) = 0. Suh a situation
orresponds to having the one C|lk(σ0(k))| over the link lk(σ0(k)) realized by
a Eulidean one of angle 0. This is a natural limiting ase in a Regge triangula-
tion, (think of a vertex where many long and thin triangles are inident), and it
is usually disarded as an unwanted pathology. However, there is really nothing
pathologial about that, sine the orresponding 2-ell ρ2(k) ∈ |PTl | → M an
be naturally endowed with the onformal Eulidean struture obtained from
(2.1) by setting
ε(k)
2π = 1, i.e.
e2u
∣∣ζ(k)− ζk(σ0(k))∣∣−2 |dζ(k)|2 , (2.12)
whih (up to the onformal fator e2u) is the at metri on the half-innite
ylinder S1 × R+ (a ylindrial end, see gure 2.4).
Alternatively, one may onsider ρ2(k) endowed with the geometry of a hy-
perboli usp, i.e., that of a half-innite ylinder S1 × R+ equipped with the
hyperboli metri λ(k)−2(dλ(k)2+ dχ(k)2). The triangles inident on σ0(k) are
then realized as hyperboli triangles with the vertex σ0(k) loated at λ(k) =∞
and orresponding angle θk = 0[37℄. Sine the Poinaré metri on the puntured
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ρ(k)
2
Figure 2.4: The ylindrial and hyperboli metri over a θ → 0 degenerating
polytopal ell.
disk {ζ(k) ∈ C| 0 < ∣∣ζ(k)− ζk(σ0(k))∣∣ < 1} is(∣∣ζ(k)− ζk(σ0(k))∣∣ ln 1|ζ(k)− ζk(σ0(k))|
)−2
|dζ(k)|2 , (2.13)
one an shift from the Eulidean to the hyperboli metri by setting
e2u =
(
ln
1
|ζ(k)− ζk(σ0(k))|
)−2
, (2.14)
and the two points of view are stritly related. At any rate the presene of hyper-
boli usps or ylindrial ends is onsistent with a singular Eulidean struture
as long as the assoiated divisor satises the topologial onstraint (2.5), whih
we an rewrite as∑
{ ε(k)2pi 6=1}
(
−ε(k)
2π
)
= 2g − 2 + #
{
σ0(h)| ε(h)
2π
= 1
}
. (2.15)
In partiular, we an have the limiting ase of the singular Eulidean struture
assoiated with a genus g surfae triangulated with N0 − 1 hyperboli verties
{σ0(k)}N0−1k=1 (or, equivalently, with N0 − 1 ylindrial ends) and just one stan-
dard onial vertex, σ0(N0), supporting the deit angle
−ε(N0)
2π
= 2g − 2 + (N0 − 1). (2.16)
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2.2 Ribbon graphs on Regge Polytopes
The geometrial realization of the 1-skeleton of the onial Regge polytope
|PTl | →M is a 3-valent graph
Γ = ({ρ0(k)}, {ρ1(j)}) (2.17)
where the vertex set {ρ0(k)}N2(T )k=1 is identied with the baryenters of the tri-
angles {σo(k)}N2(T )k=1 ∈ |Tl| → M , whereas eah edge ρ1(j) ∈ {ρ1(j)}N1(T )j=1 is
generated by two half-edges ρ1(j)+ and ρ1(j)− joined through the baryen-
ters {W (h)}N1(T )h=1 of the edges {σ1(h)} belonging to the original triangulation
|Tl| →M . If we formally introdue a ghost-vertex of a degree 2 at eah middle
point {W (h)}N1(T )h=1 , then the atual graph naturally assoiated to the 1-skeleton
of |PTl | →M is the edge-renement [38℄ of Γ = ({ρ0(k)}, {ρ1(j)}), i.e.
Γref =
{ρ0(k)}N1(T )⊔
h=1
{W (h)}, {ρ1(j)+}
N1(T )⊔
j=1
{ρ1(j)−}
 , (2.18)
as it an be seen in gure 2.5.
|PTl|     
Γref
M
Figure 2.5: The dual polytope around a vertex and it's edge renement.
The natural automorphism group Aut(Pl) of |PTl | → M , (i.e., the set of
bijetive maps Γ = ({ρ0(k)}, {ρ1(j)}) → Γ˜ = ( ˜{ρ0(k)}, ˜{ρ1(j)} preserving the
inidene relations dening the graph struture), is the automorphism group of
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its edge renement [38℄, Aut(Pl)
.
= Aut(Γref ). The loally uniformizing om-
plex oordinate ζ(k) ∈ C in terms of whih we an expliitly write down the
singular Eulidean metri (2.1) around eah vertex σ0(k) ∈ |Tl| →M , provides a
(ounterlokwise) orientation in the 2-ells of |PTl | →M . Suh an orientation
gives rise to a yli ordering on the set of half-edges {ρ1(j)±}N1(T )j=1 inident
on the verties {ρ0(k)}N2(T )k=1 . Aording to these remarks, the 1-skeleton of
|PTl | → M is a ribbon (or fat) graph [25℄, a graph Γ together with a yli
ordering on the set of half-edges inident to eah vertex of Γ. Conversely, any
ribbon graph Γ haraterizes an oriented surfae M(Γ) with boundary possess-
ing Γ as a spine, (i.e., the inlusion Γ →֒M(Γ) is a homotopy equivalene). In
this way (the edge-renement of) the 1-skeleton of a generalized onial Regge
polytope |PTl | →M is in a one-to-one orrespondene with trivalent metri rib-
bon graphs. The set of all suh trivalent ribbon graph Γ with given edge-set e(Γ)
an be haraterized [38℄, [39℄ as a spae homeomorphi to R|e(Γ)|+ , (|e(Γ)| denot-
ing the number of edges in e(Γ)), topologized by the standard ǫ-neighborhoods
Uǫ ⊂ R|e(Γ)|+ . The automorphism group Aut(Γ) ats naturally on suh a spae
via the homomorphism Aut(Γ) → Ge(Γ), where Ge(Γ) denotes the symmetri
group over |e(Γ)| elements, and the resulting quotient spae R|e(Γ)|+ /Aut(Γ) is a
dierentiable orbifold.
2.2.1 The spae of 1-skeletons of Regge polytopes.
Let Aut∂(Pl) ⊂ Aut(Pl), denote the subgroup of ribbon graph automorphisms
of the (trivalent) 1-skeleton Γ of |PTl | → M that preserve the (labeling of the)
boundary omponents of Γ. Then, the spae K1RP
met
g,N0
of 1-skeletons of onial
Regge polytopes |PTl | → M , with N0(T ) labelled boundary omponents, on a
surfae M of genus g an be dened by [38℄
K1RP
met
g,N0 =
⊔
Γ∈RGBg,N0
R|e(Γ)|+
Aut∂(Pl)
, (2.19)
where the disjoint union is over the subset of all trivalent ribbon graphs (with la-
belled boundaries) satisfying the topologial stability ondition 2−2g−N0(T ) <
0, and whih are dual to generalized triangulations. It follows, (see [38℄ theo-
rems 3.3, 3.4, and 3.5), that the set K1RP
met
g,N0
is loally modelled on a stratied
spae onstruted from the omponents (rational orbiells) R|e(Γ)|+ /Aut∂(Pl) by
means of a (Whitehead) expansion and ollapse proedure for ribbon graphs,
whih amounts to ollapsing edges and oalesing verties, (the Whitehead move
in |PTl | → M is the dual of the familiar ip move [25℄ for triangulations). Ex-
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pliitly, if l(t) = tl is the length of an edge ρ1(j) of a ribbon graph Γl(t) ∈
K1RP
met
g,N0
, then, as t→ 0, we get the metri ribbon graph Γ̂ whih is obtained
from Γl(t) by ollapsing the edge ρ
1(j). By exploiting suh onstrution, we an
extend the spae K1RP
met
g,N0
to a suitable losure K1RP
met
g,N0 [39℄, (this natural
topology on K1RP
met
g,N0
shows that, at least in two-dimensional quantum gravity,
the set of Regge triangulations with xed onnetivity does not explore the full
ongurational spae of the theory). The open ells of K1RP
met
g,N0
, being asso-
iated with trivalent graphs, have dimension provided by the number N1(T ) of
edges of |PTl | →M , i.e.
dim
[
K1RP
met
g,N0
]
= N1(T ) = 3N0(T ) + 6g − 6. (2.20)
There is a natural projetion
p : K1RP
met
g,N0 −→ R
N0(T )
+ (2.21)
Γ 7−→ p(Γ) = (l1, ..., lN0(T )),
where (l1, ..., lN0(T )) denote the perimeters of the polygonal 2-ells {ρ2(j)} of
|PTl | →M . With respet to the topology on the spae of metri ribbon graphs,
the orbifold K1RP
met
g,N0
endowed with suh a projetion aquires the struture
of a ellular bundle. For a given sequene {l(∂(ρ2(k)))}, the ber
p−1({l(∂(ρ2(k)))}) = {|PTl | →M ∈ K1RPmetg,N0 : {lk} = {l(∂(ρ2(k)))}} (2.22)
is the set of all generalized onial Regge polytopes with the given set of perime-
ters. If we take into aount the N0(T ) onstraints assoiated with the perime-
ters assignments, it follows that the bers p−1({l(∂(ρ2(k)))}) have dimension
provided by
dim
[
p−1({l(∂(ρ2(k)))}] = 2N0(T ) + 6g − 6, (2.23)
whih again orresponds to the real dimension of the moduli spae Mg,N0 of
N0-pointed Riemann surfaes of genus g.
2.2.2 Orbifold labelling and dynamial triangulations.
Let us denote by
ΩTa
.
=
R|e(Γ)|+
Aut∂(PTa)
(2.24)
the rational ell assoiated with the 1-skeleton of the onial polytope |PTa | →
M dual to a dynamial triangulation |Tl=a| → M . The orbiell (2.24) ontains
the ribbon graph assoiated with |PTa | → M and all (trivalent) metri ribbon
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graphs |PTL | → M with the same ombinatorial struture of |PTa | → M but
with all possible length assignments {l(ρ1(h))}N1(T )h=1 assoiated with the orre-
sponding set of edges {ρ1(h)}N1(T )1 . The orbiell ΩTa is naturally identied with
the onvex polytope (of dimension (2N0(T ) + 6g − 6)) in RN1(T )+ dened by{l(ρ1(j))} ∈ RN1(T )+ :
q(k)∑
j=1
Aj(k)(Ta)l(ρ
1(j)) =
√
3
3
aq(k), k = 1, ..., N0
 ,
(2.25)
where Aj(k)(Ta) is a (0, 1) indiator matrix, depending on the given dynami-
al triangulation |Tl=a| → M , with Aj(k)(Ta) = 1 if the edge ρ1(j) belongs to
∂(ρ2(k)), and 0 otherwise, and
√
3
3 aq(k) is the perimeter length l(∂(ρ
2(k))) in
terms of the orresponding urvature assignment q(k). Note that |PTa | → M
appears as the baryenter of suh a polytope.
Sine the ell deomposition (2.19) of the spae of trivalent metri ribbon
graphs K1RP
met
g,N0
depends only on the ombinatorial type of the ribbon graph,
we an use the equilateral polytopes |PTa | → M , dual to dynamial triangula-
tions, as the set over whih the disjoint union in (2.19) runs. Thus we an write
K1RP
met
g,N0 =
⊔
DT (N0)
ΩTa , (2.26)
where
DT g (N0) .=
{|Tl=a| →M : (σ0(k)) k = 1, ..., N0(T )} (2.27)
denote the set of distint generalized dynamially triangulated surfaes of genus
g, with a given set of N0(T ) ordered labelled verties.
Note that, even if the set DT g (N0) an be onsidered (through baryentrial
dualization) a well-dened subset of K1RP
met
g,N0
, it is not an orbifold over N [40℄.
For this latter reason, the analysis of the metri stutures over (generalized)
polytopes requires the use of the full orbiells ΩTa and we annot limit our
disussion to equilateral polytopes.
2.2.3 The ribbon graph parametrization of the moduli
spae
We start by realling that the moduli spae Mg,N0 of genus g Riemann sur-
faes with N0 puntures is a dense open subset of a natural ompatiation
(Knudsen-Deligne-Mumford ) in a onneted, ompat omplex orbifold denoted
by Mg,N0 . This latter is, by denition, the moduli spae of stable N0-pointed
urves of genus g, where a stable urve is a ompat Riemann surfae with at
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most ordinary double points suh that all of its parts are hyperboli. The lo-
sure ∂Mg,N0 of Mg,N0 in Mg,N0 onsists of stable urves with double points,
and gives rise to a stratiation deomposing Mg,N0 into subvarieties. By def-
inition, a stratum of odimension k is the omponent of Mg,N0 parametrizing
stable urves (of xed topologial type) with k double points.
The omplex analyti geometry of the spae of onial Regge polytopes whih
we will disuss in the next setion generalizes the well-known bijetion (a home-
omorphism of orbifolds) between the spae of metri ribbon graphs K1RP
met
g,N0
(whih forgets the onial geometry) and the moduli spae Mg,N0 of genus g
Riemann surfaes ((M ;N0), C) with N0(T ) puntures [38℄, [39℄. This bijetion
results in a loal parametrization of Mg,N0 dened by
h : K1RP
met
g,N0 →Mg,N0 ×RN+ (2.28)
Γ 7−→ [((M ;N0), C), li]
where (l1, ..., lN0) is an ordered n-tuple of positive real numbers and Γ is a metri
ribbon graphs with N0(T ) labelled boundary lengths {li} (see gure 2.6).
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Figure 2.6: The map h assoiates to eah ribbon graph an element of the deo-
rated moduli spae Mg,N0 ×ℜ+N0 .
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If K1RP
met
g,N0 is the losure of K1RP
met
g,N0
, then the bijetion h extends to
K1RP
met
g,N0 →Mg,N0 ×RN0+ in suh a way that a ribbon graph Γ ∈ RGP
met
g,N0 is
mapped in two (stable) surfaes M1 and M2 with N0(T ) puntures if and only
if there exists an homeomorphism betweenM1 andM2 preserving the (labelling
of the) puntures, and is holomorphi on eah irreduible omponent ontaining
one of the puntures.
Aording to Kontsevih [41℄, orresponding to eah marked polygonal 2-ells
{ρ2(k)} of |PTl | →M there is a further (ombinatorial) bundle map
CLk → K1RPmetg,N0 (2.29)
whose ber over (Γ, ρ2(1), ..., ρ2(N0)) is provided by the boundary yle ∂ρ
2(k),
(reall that eah boundary ∂ρ2(k) omes with a positive orientation).
To any suh yle one assoiates [39℄, [41℄ the orresponding perimeter map
l(∂(ρ2(k))) =
∑
l(ρ1(hα)) whih then appears as dening a natural onne-
tion on CLk. The pieewise smooth 2-form dening the urvature of suh a
onnetion,
ωk(Γ) =
∑
1≤hα<hβ≤q(k)−1
d
(
l(ρ1(hα))
l(∂ρ2(k))
)
∧ d
(
l(ρ1(hβ))
l(∂ρ2(k))
)
, (2.30)
is invariant under resaling and yli permutations of the l(ρ1(hµ)), and is a
ombinatorial representative of the Chern lass of the line bundle CLk.
It is important to stress that even if ribbon graphs an be thought of as
arising from Regge polytopes (with variable onnetivity), the morphism (2.28)
only involves the ribbon graph struture and the theory an be (and atually
is) developed with no referene at all to a partiular underlying triangulation.
In suh a onnetion, the role of dynamial triangulations has been slightly
overemphasized, they simply provide a onvenient way of labelling the dierent
ombinatorial strata of the mapping (2.28), but, by themselves they do not
dene a ombinatorial parametrization of Mg,N0 for any nite N0. However, it
is very useful, at least for the purposes of quantum gravity, to remember the
possible genesis of a ribbon graph from an underlying triangulation and be able
to exploit the further information oming from the assoiated onial geometry.
Suh an information annot be reovered from the ribbon graph itself (with
the notable exeption of equilateral ribbon graphs, whih an be assoiated
with dynamial triangulations), and must be suitably odied by adding to the
boundary lengths {li} of the graph a further deoration. This an be easily done
by expliitly onneting Regge polytopes to puntured Riemann surfaes.
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2.3 Puntured Riemann surfaes and Regge po-
lytopes.
As suggested by (2.1), the polyhedral metri assoiated with the verties {σ0(i)}
of a (generalized) Regge triangulation |Tl| →M , an be onveniently desribed
in terms of omplex funtion theory. We an extend the ribbon graph uni-
formization of [38℄ and assoiate with the polytope |PTl | →M a omplex stru-
ture ((M ;N0), C) (a puntured Riemann surfae) whih is, in a well-dened
sense, dual to the struture (2.1) generated by |Tl| → M . Let ρ2(k) be the
generi two-ell ∈ |PTl | → M baryentrially dual to the vertex σ0(k) ∈ |Tl| →
M . To the generi edge ρ1(h) of ρ2(k) we assoiate a omplex uniformizing
oordinate z(h) dened in the strip
Uρ1(h)
.
= {z(h) ∈ C | 0 < Re z(h) < l(ρ1(h))}, (2.31)
l(ρ1(h)) being the length of the edge onsidered. The uniformizing oordinate
w(j), orresponding to the generi 3-valent vertex ρ0(j) ∈ ρ2(k), is dened in
the open set
Uρ0(j)
.
= {w(j) ∈ C | |w(j)| < δ, w(j)[ρ0(j)] = 0}, (2.32)
where δ > 0 is a suitably small onstant. Finally, the two-ell ρ2(k) is uni-
formized in the unit disk
Uρ2(k)
.
= {ζ(k) ∈ C | |ζ(k)| < 1, ζ(k)[σ0(k)] = 0}, (2.33)
where σ0(k) is the vertex ∈ |Tl| → M orresponding to the given two-ell (see
gure 2.7).
The various uniformizations {w(j), Uρ0(j)}N2(T )j=1 , {z(h), Uρ1(h)}N1(T )h=1 , and
{ζ(k), Uρ2(k)}N0(T )k=1 an be oherently glued together by noting that to eah
edge ρ1(h) ∈ ρ2(k) we an assoiate the standard quadrati dierential on Uρ1(h)
given by
φ(h)|ρ1(h) = dz(h)⊗ dz(h). (2.34)
Suh φ(h)|ρ1(h) an be extended to the remaining loal uniformizations Uρ0(j),
and Uρ2(k), by exploiting a lassi result in Riemann surfae theory aording
to whih a quadrati dierential φ has a nite number of zeros nzeros(φ) with
orders ki and a nite number of poles npoles(φ) of order si suh that
nzero(φ)∑
i=1
ki −
npole(φ)∑
i=1
si = 4g − 4. (2.35)
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ζ(k)
U 2(k)
ρU 1(h)
ρU 0(j)
z(h)
w(j)
Figure 2.7: The loal presentation of uniformizing oordinates.
In our ase we must have nzeros(φ) = N2(T ) with ki = 1, (orresponding to
the fat that the 1-skeleton of |Pl| → M is a trivalent graph), and npoles(φ) =
N0(T ) with si = s ∀i, for a suitable positive integer s. Aording to suh
remarks (2.35) redues to
N2(T )− sN0(T ) = 4g − 4. (2.36)
From the Euler relation N0(T )−N1(T )+N2(T ) = 2−2g, and 2N1(T ) = 3N2(T )
we get N2(T ) − 2N0(T ) = 4g − 4. This is onsistent with (2.36) if and only if
s = 2. Thus the extension φ of φ(h)|ρ1(h) along the 1-skeleton of |Pl| → M
must have N2(T ) zeros of order 1 orresponding to the trivalent verties {ρ0(j)}
of |Pl| → M and N0(T ) quadrati poles orresponding to the polygonal ells
{ρ2(k)} of perimeter lengths {l(∂(ρ2(k)))}. Around a zero of order one and
a pole of order two, every (Jenkins-Strebel [42℄) quadrati dierential φ has a
anonial loal struture whih (along with (2.34)) is given by [38℄[42℄
(|PTl | →M)→φ .=

φ(h)|ρ1(h) = dz(h)⊗ dz(h),
φ(j)|ρ0(j) = 94w(j)dw(j) ⊗ dw(j),
φ(k)|ρ2(k) = − [l(∂(ρ
2(k)))]
2
4π2ζ2(k)
dζ(k)⊗ dζ(k),
(2.37)
where {ρ0(j), ρ1(h), ρ2(k)} runs over the set of verties, edges, and 2-ells of
|PTl | → M . Sine φ(h)|ρ1(h), φ(j)|ρ0(j), and φ(k)|ρ2(k) must be identied on
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the non-empty pairwise intersetions Uρ0(j) ∩ Uρ1(h), Uρ1(h) ∩ Uρ2(k) we an
assoiate to the polytope |PTl | → M a omplex struture ((M ;N0), C) by o-
herently gluing, along the pattern assoiated with the ribbon graph Γ, the loal
uniformizations {Uρ0(j)}N2(T )j=1 , {Uρ1(h)}N1(T )h=1 , and {Uρ2(k)}N0(T )k=1 . Expliitly, let
{Uρ1(jα)}, α = 1, 2, 3 be the three generi open strips assoiated with the three
ylially oriented edges {ρ1(jα)} inident on the generi vertex ρ0(j). Then the
uniformizing oordinates {z(jα)} are related to w(j) by the transition funtions
w(j) = e2πi
α−1
3 z(jα)
2
3 , α = 1, 2, 3. (2.38)
Note that in suh uniformization the verties {ρ0(j)} do not support onial
singularities sine eah strip Uρ1(jα) is mapped by (2.38) into a wedge of angular
opening
2π
3 . This is onsistent with the denition of |PTl | → M aording
to whih the verties {ρ0(j)} ∈ |PTl | → M are the baryenters of the at
{σ2(j)} ∈ |Tl| → M . Similarly, if {Uρ1(kβ)}, β = 1, 2, ..., q(k) are the open
strips assoiated with the q(k) (oriented) edges {ρ1(kβ)} boundary of the generi
polygonal ell ρ2(k), then the transition funtions between the orresponding
uniformizing oordinate ζ(k) and the {z(kβ)} are given by [38℄
ζ(k) = exp
 2πi
l(∂(ρ2(k)))
ν−1∑
β=1
l(ρ1(kβ)) + z(kν)
 , ν = 1, ..., q(k), (2.39)
with
∑ν−1
β=1 ·
.
= 0, for ν = 1.
2.3.1 A Parametrization of the onial geometry.
Note that for any losed urve c : S1 → Uρ2(k), homotopi to the boundary of
Uρ2(k), we get ∮
c
√
φ(k)ρ2(k) = l(∂(ρ
2(k))). (2.40)
whih shows that the geometry assoiated with φ(k)ρ2(k) is desribed by the
ylindrial metri anonially assoiated with a quadrati dierential with a
seond order pole,i.e.
|φ(k)ρ2(k)| =
[
l(∂(ρ2(k)))
]2
4π2|ζ(k)|2 |dζ(k)|
2. (2.41)
If we denote by
∆∗k
.
= {ζ(k) ∈ C| 0 < |ζ(k)| < 1}, (2.42)
2.3 Puntured Riemann surfaes and Regge polytopes. 44
the puntured disk∆∗k ⊂ Uρ2(k), then for eah given deit angle ε(k) = 2π−θ(k)
we an introdue on eah ∆∗k the onial metri
ds2(k)
.
=
[L(k)]
2
4π2
|ζ(k)|−2( ε(k)2pi ) |dζ(k)|2 = (2.43)
= |ζ(k)|2( θ(k)2pi ) |φ(k)ρ2(k)|.
It follows that we an apply the expliit onstrution [38℄ of the mapping (2.28)
for dening the deorated Riemann surfae orresponding to a onial Regge
polytope. Then, an obvious adaptation of theorem 4.2 of [38℄ provides
Proposition 3 Let {pk}N0k=1 ∈M denote the set of puntures orresponding to
the deorated verties {σ0(k), ε(k)2π }N0k=1 of the triangulation |Tl| → M and let
Γ be the ribbon graph assoiated with the orresponding dual onial polytope
(|PTl | →M), then the map
Υ : (|PTl | →M) −→((M ;N0), C); {ds2(k)}) (2.44)
Γ 7−→
N2(T )⋃
{ρ0(j)}
Uρ0(j)
N1(T )⋃
{ρ1(h)}
Uρ1(h)
N0(T )⋃
{ρ2(k)}
(Uρ2(k), ds
2
(k)),
denes the deorated, N0-pointed, Riemann surfae ((M ;N0), C) anonially as-
soiated with the onial Regge polytope |PTl | →M .
In order to desribe the geometry of the uniformization of ((M ;N0), C))
dened by {ds2(k)}, let us onsider the image in ((M ;N0), C)) of the generi
triangle σ2(h, j, k) ∈ |Tl| →M of sides σ1(h, j), σ1(j, k), and σ1(k, h). Similarly,
let W (h, j), W (j, k), and W (k, h) be the images of the respetive baryenters,
(see (2.18)). Denote by L̂(k) = |W (h, j)ρ0(h, j, k)|, L̂(h) = |W (j, k)ρ0(h, j, k)|,
and L̂(j) = |W (k, h)ρ0(h, j, k)|, the lengths, in the metri {ds2(k)}, of the half-
edges onneting the (image of the) vertex ρ0(h, j, k) of the ribbon graph Γ with
W (h, j), W (j, k), and W (k, h). Likewise, let us denote by l(•, •) the length of
the orresponding side σ1(•, •) of the triangle. A diret omputation involving
the geometry of the medians of σ2(h, j, k) provides
L̂2(j) = 118 l
2(j, k) + 118 l
2(h, j)− 136 l2(k, h)
L̂2(k) = 118 l
2(k, h) + 118 l
2(j, k)− 136 l2(h, j)
L̂2(h) = 118 l
2(h, j) + 118 l
2(k, h)− 136 l2(j, k)
l2(k, h) = 8L̂2(h) + 8L̂2(k)− 4L̂2(j)
l2(h, j) = 8L̂2(j) + 8L̂2(h)− 4L̂2(k)
l2(j, k) = 8L̂2(k) + 8L̂2(j)− 4L̂2(h)
, (2.45)
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Figure 2.8: The relation between the edge-lengths of the onial polytope and
the edge-lenghts of the triangulation.
whih allows to reover, as the indies (h, j, k) vary, the metri geometry of
|PTl | → M and of its dual triangulation |Tl| → M , from ((M ;N0), C); {ds2(k)})
(see gure 2.8). In this sense, the stiening [43℄ of ((M ;N0), C) dened by the
puntured Riemann surfae
((M ;N0), C); {ds2(k)}) = (2.46)
=
N2(T )⋃
{ρ0(h,j,k)}
Uρ0(h,j,k)
N1(T )⋃
{ρ1(h,j)}
Uρ1(h,j)
N0(T )⋃
{ρ2(k)}
(∆∗k, ds
2
(k)),
is the uniformization of ((M ;N0), C) assoiated with the onial Regge polytope
|Pl| →M .
Although the orrespondene between onial Regge polytopes and the above
puntured Riemann surfae is rather natural there is yet another uniformization
representation of |Pl| → M whih is of relevane in disussing onformal eld
theory on a given |Pl| → M . The point is that the analysis of a CFT on a
singular surfae suh as |Pl| →M alls for the imposition of suitable boundary
onditions in order to take into aount the onial singularities of the under-
lying Riemann surfae ((M ;N0), C, ds2(k)). This is a rather deliate issue sine
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onial metris give rise to diult tehnial problems in disussing the glueing
properties of the resulting onformal elds. In boundary onformal eld the-
ory, problems of this sort are taken are of (see e.g.[[44℄℄) by (taitly) assuming
that a neighborhood of the possible boundaries is endowed with a ylindrial
metri. In our setting suh a presription naturally alls into play the metri
assoiated with the quadrati dierential φ, and requires that we regularize into
nite ylindrial ends the ones (∆∗k, ds
2
(k)). Suh a regularization is realized by
notiing that if we introdue the annulus
∆∗θ(k)
.
=
{
ζ(k) ∈ C|e− 2piθ(k) ≤ |ζ(k)| ≤ 1
}
⊂ Uρ2(k), (2.47)
then the surfae with boundary
M∂
.
= ((M∂ ;N0), C) =
⋃
Uρ0(j)
⋃
Uρ1(h)
⋃
(∆∗θ(k), φ(k)) (2.48)
denes the blowing up of the onial geometry of ((M ;N0), C, ds2(k)) along the
ribbon graph Γ (see gure 2.9).
The metrial geometry of (∆∗θ(k), φ(k)) is that of a at ylinder with a
irumferene of length given by L(k) and heigth given by L(k)/θ(k), (this
latter being the slant radius of the generalized Eulidean one (∆∗k, ds
2
(k)) of
base irumferene L(k) and vertex onial angle θ(k)).We also have
∂M∂ =
N0⊔
k=1
S
(+)
θ(k), (2.49)
∂Γ =
N0⊔
k=1
S
(−)
θ(k)
where the irles
S
(+)
θ(k)
.
=
{
ζ(k) ∈ C||ζ(k)| = e− 2piθ(k)
}
, (2.50)
S
(−)
θ(k)
.
= {ζ(k) ∈ C||ζ(k)| = 1}
respetively denote the inner and the outer boundary of the annulus∆∗θ(k). Note
that by ollapsing S
(+)
θ(k) to a point we get bak the original ones (∆
∗
k, ds
2
(k)).
Thus, the surfae with boundaryM∂ naturally orresponds to the ribbon graph
Γ assoiated with the 1-skeleton K1(|PTl | → M) of the polytope |PTl | → M ,
deorated with the nite ylinders {∆∗θ(k), |φ(k)|}. In suh a framework the
onial angles {θ(k) = 2π − ε(k)} appears as (reiproal of the) moduli mk of
the annuli {∆∗θ(k)},
m(k) =
1
2π
ln
1
e−
2pi
θ(k)
=
1
θ(k)
(2.51)
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Figure 2.9: Blowing up the onial geometry of the polytope into nite ylindri-
al ends generates a uniformized Riemann surfae with ylindrial boundaries.
(reall that the modulus of an annulus r0 < |ζ| < r1 is dened by 12π ln r1r0 ).
Aording to these remarks we an equivalently represent the onial Regge
polytope |PTl | → M with the uniformization ((M ;N0), C); {ds2(k)}) or with its
blowed up version M∂ .
Chapter 3
The WZW model on Random
Regge Triangulations
The formulation of a onformal eld theory and in partiular of a WZW model
over a triangulated Riemann surfae has been a subjet of great interests in the
past years. As we have outilined in the introdution, despite several attempts
starting diretly from a Chern-Simons theory (see as an example [33℄), many
diulties have arosen ranging from the dynamis of G-valued eld to the non
trivial dependane of the model from the underlying topology. In this hapter we
will follow a omplete dierent approah [31℄ dening the WZW model diretly
from the triangulated Riemann surfae; in order to aomplish this task we will
use the tehniques introdued in the previous hapter whih are more analyti
in spirit and for this reason they allow us to avoid the natural diulties raising
from ombinatorial alulus. Bearing in mind that our ultimate goal is to give an
holographi desription of the CS/WZW relation and to intepret the funtional
(1.17), we will speialize our analysis to the SU(2) model; we will also expliitly
write the partition funtion for the theory at level k = 1 whih diretly involves
the 6j symbols of the quantum group at q = exp(iπ3 ).
3.1 The WZW model on a Regge polytope
Let G be a onneted and simply onneted Lie group. In order to make things
simpler we shall limit our disussion to the ase G = SU(2), this being the ase
of more diret interest to us. Reall [44℄ that the omplete ation of the Wess-
Zumino-Witten model on a losed Riemann surfae M of genus g is provided
48
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by
SWZW (h) =
κ
4π
√−1
∫
M
tr
(
h−1∂h
) (
h−1∂h
)
+ SWZ(h), (3.1)
where h : M → SU(2) denotes a SU(2)-valued eld on M , κ is a positive
onstant (the level of the model), tr(·) is the Killing form on the Lie algebra
(normalized so that the root has length
√
2) and SWZ(h) is the topologial Wess-
Zumino term needed [54℄ in order to restore onformal invariane of the theory
at the quantum level. Expliitly, SWZ(h) an be haraterized by extending the
eld h : M → SU(2) to maps h˜ : VM → SU(2) where VM is a three-manifold
with boundary suh that ∂VM = M , and set
SWZ(h) =
κ
4π
√−1
∫
VM
h˜∗χSU(2), (3.2)
where h˜∗χSU(2) denotes the pull-bak to VM of the anonial 3-form on SU(2)
χSU(2)
.
=
1
3
tr
(
h−1dh
) ∧ (h−1dh) ∧ (h−1dh) , (3.3)
(reall that for SU(2), χSU(2) redues to 4µS3 , where µS3 is the volume form
on the unit 3-sphere S3). As is well known, SWZ(h) so dened depends on
the extension h˜ , the ambiguity being parametrized by the period of the form
χSU(2) over the integer homology H3(SU(2)). Demanding that the Feynman
amplitude e−S
WZW (h)
is well dened requires that the level κ is an integer.
3.1.1 Polytopes and the WZW model with boundaries
From the results disussed in the previous hapter, it follows that a natural
strategy for introduing the WZW model on the Regge polytope |PTl | → M
is to onsider maps h : M∂ → SU(2) on the assoiated surfae with ylindrial
boundaries M∂
.
= ((M∂ ;N0), C). Suh maps h should satisfy suitable boundary
onditions on the (inner and outer) boundaries {S(±)θ(k)} of the annuli {∆∗θ(k)},
orresponding to the (given) values of the SU(2) eld on the boundaries of the
ells of |PTl | → M and on their baryenters, (the eld being free to utuate
in the ells). Among all possible boundary onditions, there is a hoie whih is
partiularly simple and whih allows us to redue the study of WZW model on
eah given Regge polytopes to the (quantum) dynamis of WZW elds on the
nite ylinders (annuli) {∆∗θ(k)} deorating the ribbon graph Γ and representing
the onial ells of |PTl | → M . Suh an approah orresponds to rst study the
WZW model on |PTl | → M as a CFT. Its (quantum) states will then depend on
the boundary onditions on the SU(2) eld h on {S(±)θ(k)}; roughly speaking suh
a proedure turns out to be equivalent to a presription assigning an irreduible
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Figure 3.1: The geometrial set up for the WZW model. The surfae M opens
up to show the assoiated handlebody. The group SU(2) is here shown as the
3-sphere foliated into (squashed) 2-spheres.
representation of SU(2) to eah baryenter of the given polytope |PTl | → M .
Suh representations are parametrized by the boundary onditions whih, by
onsisteny, turn out to be neessarily quantized. They are also parametrized
by elements of the geometry of |PTl | → M , in partiular by the deit angles.
In order to arry over suh a program, let us assoiate with eah inner
boundary S
(+)
θ(i) the SU(2) Cartan generator
Λi
.
=
λ(i)
κ
σ3, with σ3 =
(
1 0
0 −1
)
(3.4)
where, for later onveniene, λ(i) ∈ R has been normalized to the level κ, and
let
C
(+)
i
.
=
{
γe2π
√−1Λiγ−1 | γ ∈ SU(2)
}
. (3.5)
denote the (positively oriented) two-sphere S2θ(i) in SU(2) representing the as-
soiated onjugay lass, (note that C
(+)
i degenerates to a single point for the
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enter of SU(2)). Suh a presription basially prevent out-ow of momentum
aross the boundary and has been suggested, in the framework of D-branes
theory in [55℄, (see also [44℄). Similarly, to the outer boundary S
(−)
θ(i) we asso-
iate the onjugay lass C
(−)
i = C
(+)
i desribing the onjugate two-sphere S
2
θ(i)
(with opposite orientation) in SU(2) assoiated with S2θ(i). Given suh data,
we onsider maps h : M∂ → SU(2) that satisfy the fully symmetri boundary
onditions (see gure 3.2) [56℄,
h(S
(±)
θ(i)) ⊂ C(±)i . (3.6)
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Figure 3.2: The geometrial setup for SU(2) boundary onditions on eah
(∆∗θ(k), φ(k)) deorating the 1-skeleton of |PTl | →M . For simpliity, the group
SU(2) is inorretly rendered; note that eah irumferene C±k is atually a
two-sphere, (or degenerates to a point).
Note that sine C
(+)
i and C
(−)
i arry opposite orientations, the funtions
h(S
(±)
θ(i)) are normalized to h(S
(−)
θ(i))h(S
(+)
θ(i)) = e, (the identity ∈ SU(2)). The
advantage of onsidering this subset of maps h : M∂ → SU(2) is that when
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restrited to the boundary ∂M∂, (i.e., to the inner onjugay lasses C
(+)
i ), the
3-form χSU(2) (3.3) beomes exat, and one an write
χSU(2)
∣∣∣
Ci
= dωi, (3.7)
where the 2-form ωi is provided by
ωi = tr(γ
−1dγ)e2π
√−1Λi(γ−1dγ)e−2π
√−1Λi . (3.8)
In suh a ase, we an extend [44℄ the map h : M∂ → SU(2) to a map ĥ :
((M ;N0), C)→ SU(2) from the losed surfae ((M ;N0), C) to SU(2) in suh a
way that ĥ(δθ(i)) ⊂ C(+)i , where
δθ(i)
.
=
{
ζ(i) ∈ C| |ζ(i)| ≤ e− 2piθ(i)
}
(3.9)
is the disk apping the ylindrial end {∆∗θ(i), |φ(i)|}, (thus ∂δθ(i) = S(+)θ(k) and
∆∗θ(i) ∪ δθ(i) ≃ Uρ2(i)). In this onnetion note that the boundary onditions
h(S
(+)
θ(i)) ⊂ C
(+)
i dene elements of the loop group
L(i)SU(2) .= Map(S(+)θ(i), SU(2)) ≃Map(S1, SU(2)). (3.10)
Similarly, any other extension h′i = ĥig, (g ∈ SU(2)), of h over the apping disks
δθ(i), an be onsidered as an element of the group Map(δθ(i), SU(2)). In the
same vein, we an interpret h˜i = (ĥi, h
′
i) as a map from the spherial double (see
below) S2i of δθ(i) into SU(2), i.e., as an element of the group Map(S
2
i , SU(2)).
It follows that eah possible extension of the boundary ondition h(S
(+)
θ(i)) ts
into the exat sequene of groups
1→Map(S2i , SU(2))→Map(δθ(i), SU(2))→Map(S(+)θ(i), SU(2))→ 1. (3.11)
In order to disuss the properties of suh extensions we an proeed as follows,
(see [44℄ for the analysis of these and related issues in the general setting of
boundary CFT).
Let us denote by VM , with ∂VM = ((M,N0); C), the 3-dimensional han-
dlebody assoiated with the surfae ((M,N0); C), and orresponding to the
mapping ĥ : ((M,N0); C) → SU(2) ≃ S3 thought of as an immersion in the
3-sphere. Sine the onjugay lasses C
(+)
i are 2-spheres and the homotopy
group π2(SU(2)) is trivial, we an further extend the maps ĥ to a smooth fun-
tion Ĥ : VM → SU(2), (thus, by onstrution Ĥ(δθ(i)) ⊂ C(+)i ). Any suh an
extension an be used to pull-bak to the handlebody VM the Maurer-Cartan
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3-form χSU(2) and it is natural to dene the Wess-Zumino term assoiated with
((M,N0); C) aording to
SWZ|PTl |(ĥ, Ĥ)
.
=
κ
4π
√−1
∫
VM
Ĥ∗χSU(2) −
κ
4π
√−1
N0∑
j=1
∫
δθ(j)
ĥ
∣∣∣∗
δθ(j)
ωj . (3.12)
In general, suh a denition of SWZ|PTl |
(ĥ, Ĥ) depends on the partiular extensions
(ĥ, Ĥ) we are onsidering, and if we denote by (h′ = ĥg,H ′), g ∈ SU(2), a
dierent extension, then, by reversing the orientation of the handlebody VM and
of the apping disks δθ(j) over whih S
WZ
|PTl |
(h′, H ′) is evaluated, the dierene
between the resulting WZ terms an be written as
SWZ|PTl |(ĥ, Ĥ)− S
WZ
|PTl |(h
′, H ′) = (3.13)
=
κ
4π
√−1
(∫
VM
Ĥ∗χSU(2) +
∫
V
(−)
M
H ′∗χSU(2)
)
−
− κ
4π
√−1
N0∑
j=1
(∫
δθ(j)
ĥ
∣∣∣∗
δθ(j)
ωj +
∫
δ
(−)
θ(j)
h′|∗δθ(j) ωj
)
.
Note that
(VM , Ĥ) ∪ (V (−)M , H ′) = (V˜M , H˜) (3.14)
is the 3-manifold (ribbon graph) double of VM endowed with the extension
H˜
.
= (Ĥ,H ′) and
(δθ(j), ĥj) ∪ (δ(−)θ(j), h′j) = (S2j , h˜j), (3.15)
are the 2-spheres dened by doubling the apping disks δθ(j), deorated with
the extension h˜j
.
= (ĥj , h
′
j) ∈ C(+)j . By onstrution (V˜M , H˜) is suh that
∂(V˜M , H˜) = ∪N0j=1(S2j , h˜j) so that we an equivalently write (3.13) as
SWZ|PTl |(ĥ, Ĥ)− S
WZ
|PTl |(h
′, H ′) =
κ
4π
√−1
∫
V˜M
H˜∗χSU(2)− (3.16)
− κ
4π
√−1
N0∑
j=1
∫
S2j
h˜∗ωj .
To suh an expression we add and subtrat
κ
4π
√−1
N0∑
j=1
∫
B3j
H˜j
∗
χSU(2) (3.17)
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where B3j are 3-balls suh that ∂B
3
j = S
2(−)
j , (the boundary orientation is
inverted so that we an glue suh B3j to the orresponding boundary omponents
of V˜M ), and H˜j are orresponding extensions of H˜ with H˜j |S2j = h˜j . Sine V˜M∪
B3j results in a losed 3-manifold W
3
, we eventually get
SWZ|PTl |(ĥ, Ĥ)− S
WZ
|PTl |(η)(h
′, H ′) =
κ
4π
√−1
∫
W 3
H˜∗χSU(2)− (3.18)
− κ
4π
√−1
N0∑
j=1
(∫
B3j
H˜j
∗
χSU(2) −
∫
∂B3j
h˜∗ωj
)
,
where we have rewritten the integrals over S2j appearing in (3.16) as integrals
over ∂B3j = S
2(−)
j , (hene the sign-hange). This latter expression shows that
inequivalent extensions are parametrized by the periods of (χSU(2), ωj) over the
relative integer homology groups H3(SU(2),∪N0j=1Cj). Expliitly, the rst term
provides
κ
4π
√−1
∫
W 3
H˜∗χSU(2) =
κ
4π
√−1
∫
H˜(W 3)
χSU(2) =
κ
4π
√−1
∫
S3
χSU(2). (3.19)
Sine
∫
S3
χSU(2) = 8π
2
, we get
κ
4π
√−1
∫
W 3
H˜∗χSU(2) = −2πκ
√−1 . Eah ad-
dend in the seond group of terms yields
κ
4π
√−1
(∫
B3j
H˜j
∗
χSU(2) −
∫
∂B3j
h˜∗ωj
)
= (3.20)
=
κ
4π
√−1
(∫
H˜j(B3j )
χSU(2) −
∫
h˜(∂B3j )
ωj
)
.
The domain of integration h˜(∂B3j ) is the 2-sphere Cj ⊂ SU(2) assoiated
with the given onjugay lass, whereas H˜j(B
3
j ) is one of the two 3-dimensional
balls in SU(2) with boundary Cj . In the dening representation of SU(2)
.
=
{x0I +
√−1∑xkσk| x20 +∑ x2k = 1}, the onjugay lasses Cj are dened by
x0 = cos
2πλ(j)
κ with 0 ≤ 2πλ(j)κ ≤ π, whereas the two 3-balls H˜j(B3j ) bounded by
Cj are dened by x0 ≥ cos 2πλ(j)κ and x0 ≤ cos 2πλ(j)κ . An expliit omputation
[44℄ over the ball x0 ≥ cos 2πλ(j)κ shows that (3.20) is provided by −4πλ(j)
√−1,
and by 4π
√−1(κ2 −λ(j)) for x0 ≤ cos 2πλ(j)κ , respetively. From these remarks
it follows that
SWZ|PTl |(ĥ, Ĥ)− S
WZ
|PTl |(h
′, H ′) ∈ 2π√−1Z (3.21)
as long as κ is an integer, and 0 ≤ λ(j) ≤ κ2 with λ(j) integer or half-integer; in
suh a ase the exponential of the WZ term SWZ|PTl |
(ĥ, Ĥ) is independent from the
hosen extensions (ĥ, Ĥ), and we an unambiguosly write SWZ|PTl |
(ĥ). It follows
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from suh remarks that we an dene the SU(2) WZW ation on |PTl | → M
aording to
SWZW|PTl | (ĥ)
.
=
κ
4π
√−1
∫
((M ;N0),C)
tr
(
ĥ−1∂ĥ
)(
ĥ−1∂ĥ
)
+ SWZ|PTl |(ĥ). (3.22)
where the WZ term SWZ|PTl |
(η) is provided by (3.12). It is worthwhile stressing
that the ondition 0 ≤ λ(j) ≤ κ2 plays here the role of a quantization ondition
on the possible set of boundary onditions allowable for the WZW model on
|PTl | → M . Qualitatively, the situation is quite similar to the dynamis of
branes on group manifolds, where in order to have stable, non point-like branes,
we need a non vanishing B-eld generating a NSNS 3-form H , (see e.g. [57℄),
here provided by ωj and χSU(2), respetively. In suh a setting, stable branes
on SU(2) are either point-like (orresponding to elements in the enter ±e of
SU(2)), or 2-spheres assoiated with a disrete set of radii. In our approah,
suh branes appear as the geometrial loi desribing boundary onditions for
WZW elds evolving on singular Eulidean surfaes. It is easy to understand the
onnetion between the two formalism: in our desription of the κ-level SU(2)
WZW model on |PTl | → M we an interpret the SU(2) eld as parametrizing
an immersion of |PTl | → M in S3 (of radius ≃
√
κ). In partiular, the annuli
∆∗θ(i) assoiated with the ribbon graph boundaries {∂Γi} an be thought of
as sweeping out in S3 losed strings whih ouples with the branes dened by
SU(2) onjugay lasses.
3.2 The Quantum Amplitudes at k=1
We are now ready to disuss the quantum properties of the elds ĥ involved
in the above haraterization of the SU(2) WZW ation on |PTl | → M . Suh
properties follow by exploiting the ation of the (entral extension of the) loop
group Map(S
(+)
θ(i), SU(2)) generated, on the innitesimal level, by the onserved
urrents
J(ζ(i))
.
= −κ∂(i)ĥiĥ−1i (3.23)
J(ζ(i))
.
= κĥ−1i ∂(i)ĥi,
where ∂(i)
.
= ∂ζ(i). By writing J(ζ(i)) = J
a(ζ(i))σa, we an introdue the
orresponding modes Jan(i), from the Laurent expansion in eah disk δθ(i),
Ja(ζ(i)) =
∑
n∈Z
ζ(i)−n−1Jan(i), (3.24)
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(and similarly for the modes J
a
n(i)). The operator produt expansion of the
urrents Ja(ζ(i))Ja(ζ′(i)), (with ζ(i) and ζ′(i) both in δθ(i) ) yields [44℄ the
ommutation relations of an ane ŝu(2) algebra at the level κ, i.e.[
Jan(i), J
b
m(i)
]
=
√−1εabcJcn+m(i) + κnδabδn+m,0. (3.25)
Aording to a standard proedure, we an then onstrut the Hilbert spaeH(i)
assoiated with the WZW elds ĥi by onsidering unitary irreduible highest
weight representations of the two ommuting opies of the urrent algebra ŝu(2)
generated by Ja(ζ(i))|
S
(+)
θ(i)
and Ja(ζ(i))|
S
(+)
θ(i)
. Suh representations are labelled
by the level κ and by the irreduible representations of SU(2) with spin 0 ≤
λ(i) ≤ κ2 . Note in partiular that for κ = 1 every highest weight representation
of ŝu(2)κ=1 also provides a representation of Virasoro algebra V ir with entral
harge c = 1. In suh a ase the representations of ŝu(2)κ=1 an be deomposed
into su(2)⊕ V ir, and, up to Hilbert spae ompletion, we an write
H(i) =
⊕
0≤λ(i)≤ 12 ,0≤n≤∞
(
V
(n+λ(i))
su(2) ⊗ V
(n+λ(i))
su(2)
)
⊗
(
HV ir(n+λ(i))2 ⊗H
V ir
(n+λ(i))2
)
(3.26)
where V
(n+λ(i))
su(2) denotes the (2λ(i) + 1) -dimensional spin λ(i) representation
of su(2), and HV ir(n+λ(i))2 is the (irreduible highest weight) representation of the
Virasoro algebra of weight (n + λ(i))2. Sine 0 ≤ λ(i) ≤ 12 , it is onvenient to
set
ji
.
= n+ λ(i) ∈ 1
2
Z+ (3.27)
(with 0 ∈ Z+), and rewrite (3.26) as
H(i) =
⊕
ji,ĵi∈ 12Z+
(
V ji
su(2) ⊗ V
ĵi
su(2)
)
⊗
(
HV irj2i ⊗H
V ir
ĵ2i
)
, (3.28)
with ji + ĵi ∈ Z+, [58℄. Owing to this partiularly simple struture of the
representation spaes H(i), we shall limit our analysis to the ase κ = 1.
Sine the boundary of ∂M of the surfae M is dened by the disjoint union⊔
S
(+)
θ(i) and the boundary ∂Γ of the ribbon graph Γ is provided by
⊔
S
(−)
θ(i), it
follows that we an assoiate to both ∂M and ∂Γ the Hilbert spae
H(∂M) ≃ H(∂Γ) =
N0⊗
i=1
H(i). (3.29)
Let us denote by
∣∣∣ĥ(S(+)θ(i))〉 ∈ H(i) the Hilbert spae state vetor assoiated with
the boundary ondition ĥ(S
(+)
θ(i)) on the i-th boundary omponent S
(+)
θ(i) of M∂ .
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Aording to the analysis of the previous setion, the ribbon graph double V˜M
generates a Shottky MD double of the surfae with ylindrial boundariesM∂ ,
(MD is the losed surfae obtained by identifying M∂ with another opy M
′
∂
of M∂ with opposite orientation along their ommon boundary
⊔
S
(+)
θ(i)). Suh
MD arries an orientation reversing involution
Υ :MD →MD, Υ2 = id (3.30)
that interhanges M∂ and M
′
∂ and whih has the boundary
⊔
S
(+)
θ(i) as its xed
point set. The request of preservation of onformal symmetry along
⊔
S
(+)
θ(i)
under the antionformal involution Υ requires that the state
∣∣∣ĥ(S(+)θ(i))〉 must
satisfy the glueing ondition (Ln − L−n)
∣∣∣ĥ(S(+)θ(i))〉 = 0, where, for n 6= 0,
Ln =
1
2 + κ
∞∑
m=−∞
Jan−mJ
a
m, (3.31)
and similarly for L−n. The glueing onditions above an be solved mode by
mode, and to eah irreduible representation of the Virasoro algebra HV ir
j2i
and
its onjugateHV irĵ2i=j2i , labelled by the given ji
.
= n+λ(i) ∈ 12Z+, we an assoiate
a set of onformal Ishibashi states parametrized by the su(2) representations
V ji
su(2) ⊗ V jisu(2). Suh states are usually denoted by
|ji;m,n〉〉 , m, n ∈ (−ji,−ji + 1, ..., ji − 1, ji), (3.32)
and one an write [49℄∣∣∣ĥ(S(+)θ(i))〉 = 12 14 ∑ji;m,nDjim,n(ĥ(S(+)θ(i))) |ji;m,n〉〉 , (3.33)
where
Djim,n(ĥ(S
(+)
θ(i))) =
min(ji−m,ji+n)∑
l=max(0,n−m)
[(ji +m)!(ji −m)!(ji + n)!(ji − n)!]
1
2
(ji −m− l)!(ji + n− l)!l!(m− n+ l)!×
(3.34)
× aji+n−l dji−m−l bl cm−n+l,
is the V ji
su(2)-representation matrix assoiated with the SU(2) element
ĥ(S
(+)
θ(i)) =
(
a b
c d
)
∈ C(+)i , (3.35)
in the C
(+)
i onjugay lass.
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3.2.1 The Quantum Amplitudes for the ylindrial ends
With the above preliminary remarks along the way, let us onsider expliitly the
struture of the quantum amplitude assoiated with the WZW model dened by
the ation SWZW|PTl |
(ĥ). Formally, suh an amplitude is provided by the funtional
integral ∣∣∣∂M,⊗iĥ(S(+)θ(i))〉 = ∫{ĥ|
S
(±)
θ(i)
∈C(±)i }
e
−SWZW|PTl | (ĥ)Dĥ, (3.36)
where the integration is over all the maps ĥ satisfying the boundary onditions
{ĥ|
S
(±)
θ(i)
∈ C(±)i }, and where Dĥ is the loal produt
∏
ζ∈((M ;N0),C) dĥ(ζ) over
((M ;N0), C) of the SU(2) Haar measure. As the notation suggests, the formal
expression (3.36) takes value in the Hilbert spae H. Let us reall that the
elds ĥ are onstrained over the disjoint boundary omponents of ∂Γ to belong
to the onjugay lasses {ĥ|
S
(−)
θ(i)
∈ C(−)i }. This latter remark implies that the
maps ĥ utuate on the N0 nite ylinders {∆∗θ(i)} wheras on the ribbon graph
Γ they are represented by boundary operators whih mediate the hanges in the
boundary onditions on adjaent boundary omponents {∂Γi} of Γ. In order to
exploit suh a fatorization property of (3.36) the rst step is the omputation
of the amplitude, (for eah given index i), for the ylinder ∆∗θ(i) with in and out
boundary onditions ĥ|
S
(±)
θ(i)
∈ C(±)i ,
Z∆∗
θ(i)
.
=
∫
ĥ|
S
(±)
i
∈C(±)i
e−S
WZW (ĥ;∆∗θ(i))Dĥ (3.37)
where SWZW (ĥ; ∆∗θ(i)) is the restrition to ∆
∗
θ(i) of S
WZW
|PTl |
(ĥ). If we introdue
the Virasoro operator L0(i) dened by
L0(i) =
2
2 + κ
∞∑
m=0
Ja−m(i)J
a
m(i). (3.38)
and notie that L0(i)+L0(i)− c12 , denes the Hamiltonian of the WZW theory
on the ylinder ∆∗θ(i), (c =
3κ
2+κ being the entral harge of the SU(2) WZW
theory), then we an expliitly write
Z∆∗
θ(i)
({C(±)i }) = 〈ĥ(S(−)θ(i))|e−
2pi
θ(i)
(L0(i)+L0(i)− c12 )|ĥ(S(+)θ(i))〉, (3.39)
where 〈ĥ(S(−)θ(i))| and |ĥ(S
(+)
θ(i))〉 respetively denote the Hilbert spae vetors
assoiated with the boundary onditions h(S
(−)
θ(i)) and h(S
(+)
θ(i)) and normalized
to 〈ĥ(S(−)θ(i))||ĥ(S(+)θ(i))〉 = 1 , (a normalization that follows from the fat that
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ĥ(S
(−)
θ(i)) and ĥ(S
(+)
θ(i)) belong, by hypotheses, to the onjugated 2-spheres C
(−)
i
and C
(+)
i in SU(2)).
Figure 3.3: A pitorial rendering of the set up for omputing the quantum
amplitudes for the ylindrial ends assoiated with the surfae ∂M .
The omputation of the annulus partition funtion (3.39) has been expliitly
arried out [49℄ for the boundary SU(2) CFT at level κ = 1. We restrit
our analysis to this partiular ase and if we apply the results of [49℄, (see in
partiular eqn. (4.1) and the aompanying analysis) we get
Z∆∗
θ(i)
({C±i }) =
=
1√
2
∑
ji∈ 12Z+
∑
m,n
(−1)m−nDji−m,−n(ĥ−1(S(−)θ(i)))Djim,n(ĥ(S(+)θ(i)))χj2i (e
− 4pi
θ(i) ),
(3.40)
where
χj2i (e
− 4pi
θ(i) ) =
e−
4pi
θ(i) j
2
i − e− 4piθ(i) (ji+1)2
η(e−
4pi
θ(i) )
. (3.41)
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is the harater of the Virasoro highest weight representation, and
η(q)
.
= q
1
24
∞∏
n=1
(1 − qn), (3.42)
is the Dedekind η-funtion.
By diagonalizing we an onsider h−1(S(−)θ(i))h(S
(+)
θ(i)) as an element of the
maximal torus in SU(2), i.e., we an write
h−1(S(−)θ(i))h(S
(+)
θ(i)) =
(
e4π
√−1λ(i) 0
0 e−4π
√−1λ(i)
)
, (3.43)
and a representation-theoreti omputation [49℄ eventually provides
Z∆∗
θ(i)
({C±i }) =
1√
2
∑
j∈ 12Z+
cos(8πjiλ(i))
e−
4pi
θ(i)
j2i
η(e−
4pi
θ(i) )
. (3.44)
(Note that α in [49℄ orresponds to our 4π
√−1λ(i), hene the presene of
cos(8πjiλ(i)) in plae of their cosh(2jiα(i))).
An important point to stress is that, aording to the above analysis, the
partition funtion Z∆∗
θ(i)
({C±i }) an be interpreted as the superposition over all
possible ji hannel amplitudes
∂Γi 7−→ A(ji) .= 1√
2
cos(8πjiλ(i))
e−
4pi
θ(i) j
2
i
η(e−
4pi
θ(i) )
(3.45)
that an be assoiated to the boundary omponent ∂Γi of the ribbon graph Γ.
Suh amplitudes an be interpreted as the various ji = (n+λ(i)), (0 ≤ λ(i) ≤ 12 ),
Virasoro (losed string) modes propagating along the ylinder ∆∗θ(i).
3.2.2 The Ribbon graph insertion operators
In order to omplete the piture, we need to disuss how the N0 amplitudes
{A(ji)} dened by (3.45) interat along Γ. Suh an interation is desribed
by boundary operators whih mediate the hange in the boundary onditions
|ĥ(S(+)θ(p))〉∂Γp and |ĥ(S(+)θ(q))〉∂Γq between any two adjaent boundary omponents
∂Γp and ∂Γq, (note that the adjaent boundaries of the ribbon graph are as-
soiated with adjaent ells ρ2(p), ρ2(q) of |PTl | → M , and thus to the edges
σ1(p, q) of the triangulation |Tl| → M). In partiular, the oeients of the
operator produt expansion (OPE), desribing the short-distane behavior
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the boundary operators on adjaent ∂Γp and ∂Γq, will keep trat of the ombi-
natoris assoiated with |PTl | →M .
To this end, let us onsider generi pairwise adjaent 2-ells ρ2(p) , ρ2(q)
and ρ2(r) in |PTl | → M , and the assoiated ylially ordered 3-valent vertex
ρ0(p, q, r) ∈ |PTl | →M . Let {Uρ0(p,q,r), w} the oordinate neighborhood of suh
a vertex, and {Uρ1(p,q), z}, {Uρ1(q,r), z}, and {Uρ1(r,p), z} the neighborhoods of
the orresponding oriented edges, (the z's appearing in distint {Uρ1(◦,•), z} are
distint). Consider the edge ρ1(p, q) and two (innitesimally neighboring) points
z1 = x1 +
√−1y1 and z2 = x2 +
√−1y2, Re z1 = Re z2, in the orresponding
Uρ1(p,q), with x1 = x2. Thus, for y1 → 0+ we approah ∂Γp ∩ ρ1(p, q) , whereas
for y2 → 0− we approah a point ∈ ∂Γq ∩ ρ1(q, p).
Assoiated with the edge ρ1(p, q) we have the two adjaent boundary on-
ditions |ĥ(S(+)θ(p))〉∂Γp , and |ĥ(S(+)θ(q))〉∂Γq , respetively desribing the given values
of the eld ĥ on the two boundary omponents ∂Γp ∩ρ1(p, q) and ∂Γq ∩ρ1(q, p)
of ρ1(p, q). At the points z1, z2 ∈ Uρ1(p,q) we an onsider the insertion of boun-
dary operators ψ
jqjp
j(p,q)
(z1) and ψ
jpjq
j(q,p)
(z2) mediating between the orresponding
boundary onditions, i.e.
ψ
jqjp
j(p,q)
(z1)|ĥ(S(+)θ(p))〉∂Γp =
y1→0+
|ĥ(S(+)θ(q))〉∂Γq ,
(3.46)
ψ
jpjq
j(q,p)
(z2)|ĥ(S(+)θ(q))〉∂Γq =
y2→0−
|ĥ(S(+)θ(p))〉∂Γp .
Note that ψ
jqjp
j(p,q)
arries the single primary isospin label j(p,q) (also indiating
the oriented edge ρ1(p, q) where we are inserting the operator), and the two
additional isospin labels jp and jq indiating the two boundary onditions at the
two portions of ∂Γp and ∂Γq adjaent to the insertion edge ρ
1(p, q). Likewise,
by onsidering the oriented edges ρ1(q, r) and ρ1(r, p), we an introdue the
operators ψ
jqjr
j(r,q)
, ψ
jrjq
j(q,r)
, ψ
jrjp
j(p,r)
, and ψ
jpjr
j(r,p)
. In full generality, we an rewrite the
above denition expliitly in terms of the adjaeny matrix B(Γ) of the ribbon
graph Γ,
Bst(Γ) =

1 if ρ1(s, t) is an edge of Γ
0 otherwise
, (3.47)
aording to
ψ
jqjp
j(p,q)
(z1)|ĥ(S(+)θ(p))〉∂Γp =
y1→0+
Bpq(Γ)|ĥ(S(+)θ(q))〉∂Γq . (3.48)
Any suh boundary operator, say ψ
jqjp
j(p,q)
, is a primary eld (under the ation of
Virasoro algebra) of onformal dimension Hj(p,q) , and they are all haraterized
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[51℄, [50℄, [52℄ by the following properties ditated by onformal invariane (in
the orresponding oordinate neighborhood Uρ1(p,q), see gure 3.4)
〈0|ψjqjpj(p,q) (z1)|0〉 = 0, 〈ĥ(S
(−)
θ(p))|Ijpjp |ĥ(S(+)θ(p))〉 = ajpjp ,
(3.49)
〈0|ψjqjpj(p,q)(z1)ψ
jpjq
j(q,p)
(z2)|0〉 = bjqjpj(p,q) |z1 − z2|
−2Hj(p,q) δj(p,q)j(q,p) ,
where Ijpjp is the identity operator, and where ajpjp and b
jqjp
j(p,q)
are normalization
fators. In partiular, the parameters b
jqjp
j(p,q)
dene the normalization of the two-
points funtion. Note that [51℄ for SU(2) the b
jqjp
j(p,q)
are suh that b
jqjp
j(p,q)
=
b
jpjq
j(q,p)
(−1)2j(p,q) , and are (partially) onstrained by the OPE of the ψjqjpj(p,q) . As
ustomary in boundary CFT, we leave suh a normalization fators dependene
expliit in what follows.
r(p,q)1
r (q,p)1
z1
z2
Ur (p,q)1
   
   
   
yyy
yyy
yyy
  
  
  
yy
yy
yy
H jqjpj(p,q)(z1) H
jpjq
j(q,p)(z2)<0| <0|
Figure 3.4: The insertion of boundary operators ψ
jqjp
j(p,q)
in the omplex oordi-
nate neighborhood Uρ1(p,q), giving rise to the two-point funtion in the orre-
sponding oriented edge ρ1(p, q).
In order to disuss the properties of the ψ
jqjp
j(p,q)
, let us extend the (edges) o-
ordinates z to the unit disk Uρ0(p,q,r) assoiated to the generi vertex ρ
0(p, q, r),
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and denote by
wp =
ε
3
e
1
2π
√−1 ∈ Uρ0(p,q,r) ∩ Uρ1(p,q)
wq =
ε
2
e
7
6π
√−1 ∈ Uρ0(p,q,r) ∩ Uρ1(q,r) (3.50)
wr = εe
11
6 π
√−1 ∈ Uρ0(p,q,r) ∩ Uρ1(r,p)
the oordinates of three points in an ε- neighborhood (0 < ε < 1) of the vertex
w = 0, (frations of ε are introdued for dening a radial ordering; note also
that by exploting the oordinate hanges (2.38), one an easily map suh points
in the upper half planes assoiated with the edge omplex variables z orre-
sponding to Uρ1(p,q), Uρ1(q,r), and Uρ1(r,p), and formulate the theory in a more
onventional fashion). To these points we assoiate the insertion of boundary
operators ψ
jpjr
j(r,p)
(wr), ψ
jrjq
j(q,r)
(wq), ψ
jqjp
j(p,q)
(wp) whih pairwise mediate among the
boundary onditions |ĥ(S(+)θ(p))〉, |ĥ(S(+)θ(q))〉, and |ĥ(S(+)θ(r))〉. The behavior of suh
insertions at the vertex ρ0(p, q, r), (i.e., as ε→ 0), is desribed by the following
OPEs (see [50℄, [51℄)
ψ
jpjr
j(r,p)
(wr)ψ
jrjq
j(q,r)
(wq) =
(3.51)
=
∑
j
C
jpjrjq
j(r,p)j(q,r)j
|wr − wq|Hj−Hj(r,p)−Hj(q,r) (ψjpjqj (wq) + ...),
ψ
jrjq
j(q,r)
(wq)ψ
jqjp
j(p,q)
(wp) =
(3.52)
=
∑
j
C
jrjqjp
j(q,r)j(p,q)j
|wq − wp|Hj−Hj(q,r)−Hj(p,q) (ψjrjpj (wp) + ...),
ψ
jqjp
j(p,q)
(wp)ψ
jpjr
j(r,p)
(wr) =
(3.53)
=
∑
j
C
jqjpjr
j(p,q)j(r,p)j
|wp − wr|Hj−Hj(p,q)−Hj(r,p) (ψjqjpj (wr) + ...),
where the dots stand for higher order orretions in |w◦−w•|, the HJ... are the
onformal weights of the orresponding boundary operators, and the C
jpjrjq
j(r,p)j(q,r)j
are the OPE struture onstants (see gure 3.5).
As is well known [51℄, the parameters b
jqjp
j(p,q)
and the onstants C
jpjrjq
j(r,p)j(q,r)j
are not independent. In our setting this is a onsequene of the fat that to the
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Figure 3.5: The OPEs between the boundary operators around a given vertex
ρ0(p, q, r) in the orresponding omplex oordinates neighborhoods Uρ0(p,q,r),
Uρ1(p,q), et..
oriented vertex ρ0(p, q, r) we an assoiate a three-point funtion whih must
be invariant under yli permutations, i.e.
〈ψjpjrj(r,p)(wr)ψ
jrjq
j(q,r)
(wq)ψ
jqjp
j(p,q)
(wp)〉 = 〈ψjqjpj(p,q)(wr)ψ
jpjr
j(r,p)
(wq)ψ
jrjq
j(q,r)
(wp)〉 =
(3.54)
= 〈ψjrjqj(q,r) (wr)ψ
jqjp
j(p,q)
(wq)ψ
jpjr
j(r,p)
(wp)〉.
By using the boundary OPE (3.51), eah term an be omputed in two distint
ways, e.g., by denoting with ︸︷︷︸ an OPE pairing, we must have
〈ψjpjrj(r,p)(wr)ψ
jrjq
j(q,r)
(wq)︸ ︷︷ ︸ψjqjpj(p,q) (wp)〉 = 〈ψjpjrj(r,p)(wr)ψjrjqj(q,r) (wq)ψjqjpj(p,q)(wp)︸ ︷︷ ︸〉 (3.55)
whih (by exploiting (3.49)) in the limit w → 0 provides
C
jpjrjq
j(r,p)j(q,r)j(p,q)
b
jpjq
j(q,p)
= C
jrjqjp
j(q,r)j(p,q)j(r,p)
b
jpjr
j(r,p)
, (3.56)
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(note that the Kroneker δ in (3.49) implies that j(q,p) = j(p,q), et. ). From
the OPE evaluation of the remaining two three-points funtion one similarly
obtains
C
jqjpjr
j(p,q)j(r,p)j(q,r)
b
jqjr
j(r,q)
= C
jpjrjq
j(r,p)j(q,r)j(p,q)
b
jqjp
j(p,q)
,
(3.57)
C
jrjqjp
j(q,r)j(p,q)j(r,p)
b
jrjp
j(p,r)
= C
jqjpjr
j(p,q)j(r,p)j(q,r)
b
jrjq
j(q,r)
.
Sine
b
jpjq
j(q,p)
= b
jqjp
j(p,q)
(−1)2j(p,q) ,
b
jpjr
j(r,p)
= b
jrjp
j(p,r)
(−1)2j(p,r) , (3.58)
b
jrjq
j(q,r)
= b
jqjr
j(r,q)
(−1)2j(r,q) ,
one eventually gets
C
jpjrjq
j(r,p)j(q,r)j(p,q)
b
jpjq
j(q,p)
= (−1)2j(q,p)Cjqjpjrj(p,q)j(r,p)j(q,r)b
jrjq
j(q,r)
,
C
jqjpjr
j(p,q)j(r,p)j(q,r)
b
jqjr
j(r,q)
= (−1)2j(r,q)Cjrjqjpj(q,r)j(p,q)j(r,p)b
jpjr
j(r,p)
, (3.59)
C
jrjqjp
j(q,r)j(p,q)j(r,p)
b
jrjp
j(p,r)
= (−1)2j(p,r)Cjpjrjqj(r,p)j(q,r)j(p,q)b
jqjp
j(p,q)
,
whih are the standard relation between the OPE parameters and the normal-
ization of the 2-points funtion for boundary SU(2) insertion operators, [51℄.
Suh a lengthy (and slightly pedanti) analysis is neessary to show that our
assoiation of boundary insertion operators ψ
jpjr
j(r,p)
, to the edges of the ribbon
graph Γ is atually onsistent with SU(2) boundary CFT, in partiular that ge-
ometrially the orrelator 〈ψjpjrj(r,p)(wr)ψ
jrjq
j(q,r)
(wq)ψ
jqjp
j(p,q)
(wp)〉 is assoiated with
the three mutually adjaent boundary omponents ∂Γp, ∂Γq, and ∂Γr of the
ribbon graph Γ. More generally, let us onsider four mutually adjaent boun-
dary omponents ∂Γp, ∂Γq, ∂Γr, and ∂Γs. Their adjaeny relations an be
organized in two distint ways labelled by the distint two verties they gen-
erate: if ∂Γp is adjaent to ∂Γr then we have the two verties ρ
0(p, q, r) and
ρ0(p, r, s) onneted by the edge ρ1(p, r); onversely, if ∂Γq is adjaent to ∂Γs
then we have the two verties ρ0(p, q, s) and ρ0(q, r, s) onneted by the edge
ρ1(q, s). It follows that the orrelation funtion of the orresponding four
boundary operators, 〈ψjpjsj(s,p)ψ
jsjr
j(r,s)
ψ
jrjq
j(q,r)
ψ
jqjp
j(p,q)
〉, an be evaluated by exploiting
the ((S)-hannel) fatorization assoiated with the oordinate neighborhood
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Figure 3.6: The dual hannels in evaluating the orrelation funtion of the four
boundary operators orresponding to the four boundary omponents involved.
{Uρ1(r,p), z(S)}, or, alternatively, by exploiting the ((T )-hannel) fatorization
assoiated with {Uρ1(q,s), z(T )} (see gure 3.6).
From the observation that both suh expansions must yield the same result,
it is possible [52℄ to diretly relate the OPE oeients C
jpjrjq
j(r,p)j(q,r)j(p,q)
with
the fusion matries Fjrj(p,q)
[
jp jq
j(r,p) j(q,r)
]
whih express the rossing duality
between four-points onformal bloks. Reall that for WZW models the fusion
ring an be identied with the harater ring of the quantum deformation UQ(g)
of the enveloping algebra of g evaluated at the root of unity given by Q =
eπ
√−1/(κ+h∨)
(where h∨ is the dual Coxeter number and κ is the level of the
theory). In other words, for WZW models, the fusion matries are the 6j -
symbols of the orresponding (quantum) group. From suh remarks, it follows
that in our ase (i.e., for κ = 1, h∨ = 2) the struture onstants Cjpjrjqj(r,p)j(q,r)j(p,q)
are suitable entries [53℄ of the 6j-symbols of the quantum group SU(2)
Q=e
pi
3
√−1 ,
i.e.
C
jpjrjq
j(r,p)j(q,r)j(p,q)
=
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
√−1
(3.60)
3.2.3 The partition funtion.
The nal step in our onstrution is to uniformize the loal oordinate repre-
sentation of the ribbon graph Γ with the ylindrial metri {|φ(i)|}, dened
by the quadrati dierential {φ(i)}. In suh a framework, there is a natural
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presription for assoiating to the resulting metri ribbon graph (Γ, {|φ(i)|}) a
fatorization of the orrelation funtions of the N1 insertion operators {ψjqjpj(p,q)},
(reall that N1 is the number of edges of Γ). Expliitly, for the generi ver-
tex ρ0(p, q, r), let z
(0)
p ∈ Uρ1(p,q) ∩ Uρ0(p,q,r), z(0)q ∈ Uρ1(q,r) ∩ Uρ0(p,q,r), and
z
(0)
r ∈ Uρ1(r,p) ∩ Uρ0(p,q,r) respetively denote the oordinates of the points wp,
wq, and wr (see (3.50)) in the respetive edge uniformizations, and for notational
purposes, let us set, (in an ε-neighborhood of zρ0(p,q,r) = 0 ∈ Uρ0(p,q,r)),
ψ
jpjr
j(r,p)
(ρ0(p, q, r))
.
= ψ
jpjr
j(r,p)
(z(0)r ),
ψ
jrjq
j(q,r)
(ρ0(p, q, r))
.
= ψ
jrjq
j(q,r)
(z(0)q ), (3.61)
ψ
jqjp
j(p,q)
(ρ0(p, q, r))
.
= ψ
jqjp
j(p,q)
(z(0)p ).
Let us onsider, (in the limit ε→ 0 ), the orrelation funtion〈
N0(T )⊗
i=1
∂Γi;⊗ji
〉
.
=
(3.62)
.
=
〈
N2(T )∏
{ρ0(p,q,r)}
ψ
jpjr
j(r,p)
(ρ0(p, q, r))ψ
jrjq
j(q,r)
(ρ0(p, q, r))ψ
jqjp
j(p,q)
(ρ0(p, q, r))
〉
,
where the produt runs over the N2(T ) verties {ρ0(p, q, r)} of Γ. We an
fatorize it along the N1(T ) hannels generated by the edge ordinate neighbor-
hoods {Uρ1(p,q)} aording to〈
N0(T )⊗
i=1
∂Γi;⊗ji
〉
=
(3.63)
=
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
〈
ψ
jpjr
j(r,p)
ψ
jrjq
j(q,r)
ψ
jqjp
j(p,q)
〉
ρ0(p,q,r)
N1(T )∏
{ρ1(p,r)}
〈
ψ
jpjr
j(r,p)
ψ
jrjp
j(p,r)
〉
ρ1(p,r)
where we have set 〈
ψ
jpjr
j(r,p)
ψ
jrjq
j(q,r)
ψ
jqjp
j(p,q)
〉
ρ0(p,q,r)
.
=
(3.64)
.
=
〈
ψ
jpjr
j(r,p)
(ρ0(p, q, r))ψ
jrjq
j(q,r)
(ρ0(p, q, r))ψ
jqjp
j(p,q)
(ρ0(p, q, r))
〉
,
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〈
ψ
jpjr
j(r,p)
ψ
jrjp
j(p,r)
〉
ρ1(p,r)
.
=
〈
ψ
jpjr
j(r,p)
(ρ0(p, q, r))ψ
jrjp
j(p,r)
(ρ0(p, r, s))
〉
, (3.65)
and where the summation runs over all N1(T ) primary highest weight repre-
sentation ŝu(2)κ=1, labelling the intermediate edge hannels {j(r,p)}. Note that
aording to (3.49) we an write〈
ψ
jpjr
j(r,p)
ψ
jrjp
j(p,r)
〉
ρ1(p,r)
= b
jpjr
j(r,p)
L(p, r)
−2Hj(r,p) , (3.66)
(reall that j(r,p) = j(p,r)), where L(p, r) denotes the length of the edge ρ
1(p, r)
in the uniformization (Uρ1(p,r), {|φ(i)|}). Moreover, sine (see (3.56))〈
ψ
jpjr
j(r,p)
ψ
jrjq
j(q,r)
ψ
jqjp
j(p,q)
〉
ρ0(p,q,r)
= C
jpjrjq
j(r,p)j(q,r)j(p,q)
b
jpjq
j(q,p)
, (3.67)
we get for the boundary operator orrelator assoiated with the ribbon graph Γ
the expression 〈
N0(T )⊗
i=1
∂Γi;⊗ji
〉
=
(3.68)
=
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
C
jpjrjq
j(r,p)j(q,r)j(p,q)
b
jpjq
j(q,p)
N1(T )∏
{ρ1(p,r)}
b
jpjr
j(r,p)
L(p, r)
−2Hj(r,p) .
By identifying eah C
jpjrjq
j(r,p)j(q,r)j(p,q)
with the orresponding 6j-symbol, and
observing that eah normalization fator b
jpjq
j(q,p)
ours exatly twie, we eventu-
ally obtain〈
N0(T )⊗
i=1
∂Γi;⊗ji
〉
=
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
√−1
·
·
N1(T )∏
{ρ1(p,r)}
(
b
jpjr
j(r,p)
)2
L(p, r)
−2Hj(r,p) .
As the notation suggests, suh a orrelator has a residual dependene on the
representation labels {ji}. In other words, it an be onsidered as an element
of the tensor produt H(∂Γ) = ⊗N0(T )i=1 H(i). It is then natural to interpret its
evaluation over the amplitudes {A(ji)} dened by ( 3.45) as the partition fun-
tion ZWZW (|PTl |, {ĥ(S(+)θ(i))}) assoiated with the quantum amplitude (3.36),
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and desribing the SU(2) WZW model (at level κ = 1) on a random Regge
polytope |PTl | → M . By inserting the N0(T ) amplitudes {A(ji)} into (3.2.3),
and summing over all possible representation indies {jp} we immediately get
ZWZW (|PTl |, {ĥ(S(+)θ(i))}) =
=
(
1√
2
)N0(T ) ∑
{jp∈ 12Z+}
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
√−1
·
(3.69)
·
N1(T )∏
{ρ1(p,r)}
(
b
jpjr
j(r,p)
)2
L(p, r)
−2Hj(r,p) cos(8πjpλ(i))
e−
4pi
θ(i)
j2p
η(e−
4pi
θ(i) )
,
where the summation
∑
{jp∈ 12Z+} is over all possible N0(T ) hannels jp de-
sribing the Virasoro (losed string) modes propagating along the ylinders
{∆∗θ(p)}N0(T )p=1 . This is the partition funtion of our WZW model on a ran-
dom Regge triangulation. The WZW elds are still present through their
boundary labels λ(i), (whih an take the values 0, 1/2), wheras the metri
geometry of the polytope enters expliitly both with the edge-length terms
L(p, r)
−2Hj(r,p)
and with the onial angle fators
e
− 4pi
θ(i)
j2p
η(e
− 4pi
θ(i) )
. The expression of
ZWZW (|PTl |, {ĥ(S(+)θ(i))}), also shows the mehanism through whih the SU(2)
elds ouple with simpliial urvature: the oupling amplitudes {A(ji)} an be
interpreted as desribing a losed string emitted by ∂Γi ≃ S(−)θ(i), or rather by
the S2θ(i) brane image of this boundary omponent in SU(2), and absorbed
by the brane S2θ(i) image of the outer boundary S
(+)
θ(i), (the urvature arrying
vertex). This exhange of losed strings between 2-branes in SU(2) ≃ S3
desribes the interation of the quantum SU(2) eld with the lassial gravita-
tional bakground assoiated with the edge-length assignments {L(p, r)}, and
with the deit angles {ε(i) .= 2π − θ(i)}.
Chapter 4
Holography and
asymptotially at
spae-times
One of the key suess of the holographi priniple is the hane to reonstrut
spaetime starting from datas living on the boundary. The lassial example
is the AdS/CFT orrespondene [10℄ where an equivalene between partition
funtions of a theory living in the bulk and in the boundary is imposed. More
preisely the latter, in asymptotially AdS spae-times, is stritly related to a
gauge theory arrying indies of the asymptoti symmetry group (the onformal
group).
This kind of relation has been mainly studied in the AdS ase (and with
less suess also in dS spaetimes [16℄) but no real attempt until now has been
done in aymptotially at spae-times. Thus, the purpose of this hapter will be
the study of the asymptoti symmetry group of asymptotially at spae-times
(the Bondi-Metzner-Sahs group) as a andidate for the gauge group of the
holographi boundary theory. Furthermore we will show the dierenes araising
from the AdS ase emphasizing in partiular the failure of a unique geometri
reonstrution of an asymptotially at spae-time.
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4.1 Emergene of the BMS group in asymptoti-
ally at spaetimes
In this setion we briey revisit the derivation of the BMS group and some of its
properties. As said, the BMS group represents the ASG of asymptotially at
spaetimes. More properly it is a transformation pseudo-group of asymptoti
isometries of the region lose to innity of the asymptotially at (lorentzian)
spaetimes
1
. There is however a derivation proposed by Penrose as a group
of transformations living intrinsially on ℑ. In this ase the BMS group is the
transformation group on the boundary ℑ.2
From the point of view of the holographi priniple we are interested in the
theory living on the boundary and its symmetry group. We therefore prefer to
onsider this boundary desription of the BMS group as more relevant and
fundamental for our purposes. Moreover, it keeps into aount the degener-
ate nature of ℑ, whih one has to fae up when hoosing a null sreen. For
ompleteness, however, we review various derivations.
4.1.1 BMS as asymptoti symmetry group
The BMS group was originally disovered [17℄, [59℄ by studying gravitational
radiation emitted by bounded systems in asymptotially at spaetimes; it is
the group leaving invariant the asymptoti form of the metri desribing these
proesses. Quite generally, one an hoose (u, r, θ, φ) oordinates lose to null
innity and hek that the omponents of the metri tensor behave like those
of the Minkowski metri in null polar oordinates in the limit r →∞.
A BMS transformation (α,Λ) is then
u¯ = [KΛ(x)]
−1(u+ α(x)) +O(1/r) (4.1)
r¯ = KΛ(x)r + J(x, u) +O(1/r) (4.2)
θ¯ = (Λx)θ +Hθ(x, u)r
−1 +O(1/r) (4.3)
φ¯ = (Λx)φ +Hφ(x, u)r
−1 +O(1/r) (4.4)
where x is a point on the two sphere S2 with oordinates (θ, φ), Λ represents a
Lorentz transformation ating on S2 as a onformal transformation and KΛ(x)
is the orresponding onformal fator. Furthermore α is a salar funtion on S2
1
For the eulidean ase see setion 4.4.
2
Reall that ℑ is the disjoint union of ℑ+ (future null innity) with ℑ− (past null innity).
In the rest of the paper we will refer to ℑ+ but beause of the symmetry the same onlusions
will hold on ℑ− too in all ases unless dierently speied.
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assoiated with the so alled supertranslation subgroup. It represents the size
of the group as we will see below.
The other funtions are uniquely determined by (α,Λ) imposing
(α1,Λ1)(α2,Λ2) = (α1 + Λ1α2,Λ1Λ2) (4.5)
(Λ1α2)(x) = [KΛ(x)]
−1α2(Λ−11 x) (4.6)
One immediately noties from (4.5) the struture of semidiret produt. There-
fore the BMS group B = N ⋉L is the semidiret produt of the innite dimen-
sional supertranslation group N with (the onneted omponent of the homo-
geneous) Lorentz transformations group L.3
An important point to keep in mind is that the ASG thus dened is universal
sine one gets the same group for all asymptotially at spaetimes. This is quite
surprising. In addition, the group is innite dimensional due to the presene of
extra symmetries whih reet the presene of gravity in the bulk.
It is also possible [60℄ to derive the BMS group B working in the unphysial
spaetime and imposing dierential and topologial requirements on ℑ, avoiding
then asymptoti series expansions. In a sense, this is a nite version of the
original BMS derivation, sine one onstruts a so alled onformal Bondi frame
in some nite neighborhood of ℑ and this nite region orresponds to an innite
region of the original physial spaetime.
Even if one is not working with an asymptoti expansion, we prefer to on-
sider this derivation from a slightly dierent perspetive with respet to the one
of Penrose, who onsiders the emergene of the BMS working intrinsially on ℑ.
Atually, we are still working asymptotially, even if, in the unphysial spae,
the innite is brought to nite. Reall, however, that had we hosen another
onformal frame we would have obtained an isomorphi group. In other words,
ovariane is preserved by dierentiable transformations ating on ℑ. This in-
deed motivated Penrose to work diretly on the geometrial properties of ℑ as
we will see below and it seems more onvenient to investigate the holographi
priniple in this ontext.
Choosing x0 = u, xA = (θ, φ) as oordinates on ℑ+ and x1 = r dening the
inverse luminosity distane, the (unphysial) metri gµν in the onformal Bondi
frame is thus
gµν =
 0 g01 0g01 g11 g1A
0 g1A gAB

3
We will onsider SL(2,C), the universal overing group of L.
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Using the freedom of gauge hoie of the onformal fator and imposing global
and asymptoti requirements on ℑ one an write the metri (in a neighbourhood
of ℑ) as
gµν =
 0 1 01 0 0
0 0 qAB

where qAB is the metri on the S2 therefore time independent. One an even-
tually ompute the generators ξµ of asymptoti innitesimal transformations
xµ → xµ + ξµ by solving
ξ(µ;ν) − (Ω,ρ ξρ/Ω)gµν = 0. (4.7)
One nds
ξA = fA(xB) (4.8)
ξ0 =
1
2
ufA;A + α(x
B), ξ1 = 0. (4.9)
Setting the supertranslations α(xA) to zero we get the (orthohronous) Lorentz
group while setting the fA to zero we get the group of supetranslations as
expeted.
These are exatly the Killing vetors found by Sahs [59℄ in studying radia-
tion at null innity. However, one interprets the notion of asymptoti symmetry
as follows: one delares an innitesimal asymptoti symmetry to be desribed
by a vetor eld ξa (more preisely an equivalene of vetor elds in the physial
spaetime) suh that the Killing equation Lξgµν = 0 is satised to as good an
approximation as possible as one moves towards ℑ.
One an also onsider another derivation of the BMS group proposed by
Geroh [61℄. In a nutshell, this proedure onsiders the ASG as the group
of onsometries of ℑ, i.e. onformally invariant strutures assoiated with ℑ.
More properly, these strutures live on the so alled asymptoti geometry, a 3
dimensional manifold dieomorphi to ℑ endowed with a tensor struture. We
prefer to onsider as truly intrinsi the derivation of Penrose whih we disuss
below. Note however that Geroh approah has reeived a lot of attention and
has been adopted in partiular by Ashtekar and (many) others to endow ℑ with
a sympleti struture to study then uxes and angular momenta of radiation
at null innity.
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4.1.2 Penrose derivation of the BMS group
The derivation of Penrose is based on onformal tehniques and the null nature of
ℑ is expliitly taken into aount. The underlying idea is the following: onsider
a motion in the physial spaetime; this will naturally generate a motion in the
unphysial spaetime and in turn a onformal motion on the boundary. The
latter an persist, even if the starting physial spaetime has no symmetry at
all providing thus a denition of ASG. However the degenerate metri on ℑ does
not itself endow suient struture to dene the BMS group.
4
The natural struture living on ℑ is that of a inner (degenerate) onformal
metri, the topology being R× S2; the R represent the null geodesi ℑ gene-
rators with uts given by two dimensional spaelike hypersurfaes eah with
S2 topology. Choosing a Bondi oordinate system [62℄, one an indeed write
the degenerate metri on ℑ+ as
ds2 = 0.du2 + dθ2 + sin2 θdφ2. (4.10)
Using stereographi oordinates for the two sphere (ζ = eiφcot(θ/2)) one has
ds2 = 0.du2 + 4dζdζ¯(1 + ζζ¯)−2. (4.11)
and realling that all holomorphi bijetions of the Riemann sphere are of the
form
f(ζ) =
aζ + b
cζ + d
(4.12)
with ad− bc = 1, one immediately onludes that the metri (4.10) is preserved
under the transformations
u→ F (u, ζ, ζ¯) (4.13)
ζ → aζ + b
cζ + d
(4.14)
These oordinate transformations dene the so alled Newman-Unti (NU) group
[63℄, namely the group of non reetive motions of ℑ+ preserving its intrinsi
degenerate onformal metri.
The NU is still a very large group. One an restrit it by requiring to
preserve additional struture on ℑ. One atually enlarges the notion of angles
and endows ℑ with strong onformal geometry. In addition to ordinary angles
one onsiders null angles: nite angles are formed by two dierent diretions in
ℑ at a point in ℑ whih are not oplanar with the null diretion in ℑ, while null
4
More preisely, one onsiders a future/past 3 asymptotially simple spaetime, with null
ℑ+,ℑ− and strong asymptoti Einstein ondition holding on it [62℄.
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angles are formed by two diretions at a point in ℑ whih are oplanar with the
null diretion.
One an show that the set of strong onformal geometry preserving transfor-
mations restrits the u transformations of the NU group to the following form
u→ K(u+ α(ζ, ζ¯)) (4.15)
with
K =
1 + ζζ¯
(aζ + b)(a∗ζ∗ + b∗) + (cζ + d)(c∗ζ∗ + d∗)
(4.16)
the same appearing in (4.6) and α(ζ, ζ¯) an arbitrary funtion dened on the
two sphere. But then this set of transformations together with the onformal
transformations on the two sphere dene preisely the BMS group as shown
before.
Note that in terms of this intrinsi desription, these transformations have to
be interpreted not as oordinate transformations but as point transformations
mapping ℑ into itself. In other words, a onformal transformation of ℑ indues
onformal transformations between members of families of asymptoti 2-spheres
when moving along the ane parameter u.
This onstrution further motivates the mapping between ℑ and the so alled
one spae[64℄, whih we are going to disuss in the following as a possible
abstrat spae where the holographi data might live.
Finally one has to remember that the global struture of the BMS group
in four dimensions annot be generalized to a generi dimension as BMSd =
Nd−2⋉SL(2,C) where Nd−2 is the abelian group of salar funtions from Sd−2
to the real axis; an example is the three dimensional ase where [65℄ it has been
shown that BMS3 = N1 ⋉Diff(S1). In what follows we are always going to
work in four dimensions.
4.1.3 BMS subgroups and angular momentum
We review a bit more in detail the BMS subgroups. One has the subgroup N
given by
u→ u+ α(ζ, ζ¯) (4.17)
ζ → ζ (4.18)
known as supertranslations. It is an innite dimensional abelian subgroup; note
that
BMS
N
≃ SO(3, 1) ≃ PSL(2,C), (4.19)
4.2 Bulk entropy and boundary symmetries 76
whih follows from the fat that the BMS group is the semidiret produt of N
with SL(2,C). Choosing for the onformal fator K on the sphere
K =
A+Bζ +B∗ζ¯ + Cζζ¯
1 + ζζ¯
(4.20)
one has the subgroup T 4 of translations whih one an prove to be the unique
4-parameter normal subgroup of N.
On the other hand, the property of a supertranslation to be translation free
is not Lorentz invariant. Therefore there are several Poinaré groups at ℑ, one
for eah supertranslation whih is not a translation, and none of them is pre-
ferred. This auses the well known diulties in asymptotially at spaetimes
in dening the angular momentum, the origin basially being free (beause of
the presene of gravity). We reall for ompleteness the reason: in Minkowski
spae-time, the angular momentum is desribed by a skew symmetri tensor
whih is well-dened up to a hoie of an origin. Whereas this last ondition is
equivalent to x 4 parameters, in the ase of ℑ this ondition requires an innite
number of parameters to x the orbital part of the angular momentum sine
the translation group T 4 is substituted by the supertranslations N.
Although many ways to irumvent this problem have been proposed, no
really satisfatory solution has emerged until now. In [66℄, [67℄ one ends up
with a reasonable denition of angular momentum in asymptotially stationary
at spae-times, where the spae of good ross setions (i.e. setions with null
asymptoti shear) is not empty; one an then selet a Poinaré subgroup from
the BMS group and dene aordingly the angular momentum. We are going to
examine in more detail the notion of good/bad setions in the following so as to
disuss bulk entropy prodution from the point of view of boundary symmetries.
4.2 Bulk entropy and boundary symmetries
4.2.1 Bulk entropy and BMS boundary symmetries
As previously realled the BMS group is dened as those mappings ating on ℑ
whih preserve both the degenerate metri and the null angles.
In the ase of null innity, one an assoiate a omplex funtion σ(r, u, ζ, ζ¯),
whih in physial terms is a measure of the shear of the null ones whih interset
ℑ+ at onstant u. To dene the shear one hooses a spinor eld OA whose
agpole diretions point along the the null geodesis of the ongruene. The
omplex shear σ is then dened as follows
OAOB∇AA′OB = σO¯A′ (4.21)
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The argument of the shear σ denes the plane of maximum shear and its mod-
ulus the magnitude of the shear. Now in the ase of mild divergene of null
geodesis (as with the Bondi-type hypersurfaes we are onsidering) one has
σ =
σ0
r2
+O(
1
r3
) (4.22)
The quantity σ0 is r independent and it is a measure of the asymptoti shear of
the ongruene of null geodesis interseting ℑ+ at onstant u. The r indepen-
dene is in agreement with the peeling-o [68℄ properties of the radiation.
One an also read the shear from the asymptoti expansion of the metri.
Consider for example the metri originally proposed by Sahs [59℄
ds2 = e2βV r−1du2 − 2e2βdudr + r2hab(dxa − Uadu)(dxb − U bdu) (4.23)
with a, b indies running over angular oordinates and V, β, Ua, hab are funtions
of the oordinates (u, r, θ, φ) to be expanded in 1/r powers. The shear appears
in the expansion of the funtion β
β = −σ(u, ζ, ζ¯)σ∗(2r)−2 +O(r−4) (4.24)
Now when σ0 = 0, i.e. the asymptoti shear of the ongruene of null
geodesis vanish at innity, one has good ross setions. On the other hand,
when non vanishing, one has bad setions. The latter orresponds to null
geodesis ending up with ompliated rossover regions in the bulk. Good ross
setions do not exist in general spaetimes. However, a very speial situation
ours in stationary spaetimes: in this ase one an nd asymptoti shear
free setions and the spae of suh uts is isomorphi to Minkowski spae time,
where a good setion orresponds trivially to the lightone originating from a
point in the bulk. Of ourse in the ase of stationary spaetimes points of the
isomorphi Minkowski spae are not in one to one orrespondene with points
of the physial urved spaetime; the behaviour in the bulk of null geodesis
will be however quite mild (ompared to bad setions) to end up in an almost
lean vertex.
The intersetion of the ongruene of null geodesis originating from the
bulk with ℑ is a onneted two dimensional spaelike surfae so we an apply
the ovariant entropy bound and dedue that bad ross setions will in general
orrespond to more entropi ongurations from bulk point of view. Indeed in
the ase of bad ross setions lightrays perolate more than in the ase of good
setions, produing therefore more entropy.
One an say more and relate the notion of good/bad uts to BMS boundary
symmetries, having in mind a tentative holographi desription. Indeed, under
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BMS supertranslations the transformation rule among asymptoti shears is
σo
′
(u′, ζ, ζ¯) = σo(u′ − α, ζ, ζ¯) + (ð)2α(θ, φ) (4.25)
where the operator ð on the r.h.s is the so alled edth operator (for a deni-
tion see [68℄). One is then interested in nding transformations whih produe
new good uts. For Minkowski spaetime and (remarkably!) again stationary
spaetimes one an map good uts into good uts by means of translations and
in these ases the BMS group an be redued to the Poinaré group by asking
for the subgroup of the BMS transformations whih map good uts into good
uts. In the general ase, however, there are no good, i.e. asymptoti shear
free setions, and from BMS point of view this orresponds to not Lorentz free
supertranslations.
Applying therefore the ovariant entropy bound one nds that bad setions
orrespond to more entropi ongurations in the bulk and (not Lorentz free) su-
petranslations on the boundary. Time dependene produes more irregularities
in the bulk giving therefore more entropy aording to previous onsiderations;
this is interestingly reeted in ompliated supertranslations ating on the null
boundary.
If holographi data are stored then in the S2 spheres on ℑ some of them will
ontain more/less information orresponding to more/less entropy in the bulk.
We return to this point in Setion 7.
As said, asymptoti vanishing shear allows to redue the BMS goup to
Poinaré. One might think to start from the stationary ase then for sim-
pliity. There is still however a remnant of supertranslations. Suppose indeed
to onsider a system whih emits a burst of radiation and it is stationary before
and after the burst. The orresponding Poinaré subgroups will be dierent and
they will have in ommon only their translation group. They will be related by
means of a non trivial supertranslation in general. This is quite dierent from
what happens in the AdS ase as we are going to see in the next Setion.
4.2.2 Diulties in reonstruting spaetime and ompar-
ison with the AdS ase
We now ontinue the previous analysis and make some omparisons with the
AdS ase.
Let us onsider again the asymptoti shear. The previous piture tells us
that the ASG an be redued to Poinaré in some spei points along the
boundary where the asymptoti shear does indeed vanish. This means that
4.2 Bulk entropy and boundary symmetries 79
small shapes are preserved asymptotially as we follow the lines generating the
null ongruene using to onstrut the lightsheets. However, lightsheets aquire
in general shear in the asymptoti region. This is due tidal fores whih are
responsible for the bending of light rays. But these are in turn desribed by the
(asymptoti) Weyl tensor and this quantity (more properly the resaled one in
the unphysial metri) enters into the denitions of the so alled Bondi news
funtions [59℄ whih measure the amount of gravitational radiation at innity.
There is however another tensor, namely the Bah tensor (reall we are in four
dimensions) Bαβ whih does not vanish in the presene of non zero Bondi news.
In the ase of asymptotially at spaetimes it is not zero asymptotially. This
is in sharp ontrast with asymptotially AdS ases, where it vanishes asymptot-
ially, the Bondi news being zero in that ase. Atually the ondition Bαβ = 0
on ℑ is used in the denition [69℄ of asymptotially AdS spaetimes.
This has however deeper onsequenes for holography. In AdS ase this al-
lows to redue (enormously) the diemorphism group on the boundary preisely
to the onformal group. There is then (as already notied in [69℄) a disonti-
nuity in taking the limit Λ → 0 of the osmologial onstant. In asymptoti-
ally at spaetimes it means that one annot propagate the boundary data
to reonstrut the bulk in a unique way. And this was the essene of the
Feerman-Graham theorems for the AdS ase [70℄. We therefore see a remark-
able dierene. As a onsequene, it also seems quite unlikely that GKPW
(Gubser-Klebanov-Polyakov-Witten) presription relating bulk-boundaries par-
tition funtions holds in this ase. It seems also diult to reover a S-matrix
for asymptotially at spaetimes starting from AdS/CFT and taking then the
large radius limit of AdS.
As observed before, in general bakgrounds the asymptoti shear does not
vanish and therefore we remain with a big group on the boundary. Notie
that using relativisti generalization of Navier-Stokes theory one an show that
preisely the Bah urrent [71℄ an be used to desribe entropy prodution in
the bulk in the ase of non stationary spaetimes. We see therefore that all
the times (basially the majority) we annot redue BMS supertranslations to
translations we have more entropy prodution in the bulk aording to the
ovariant entropy bound and the prodution of this entropy an be measured in
a quantitative way just by using the Bah urrent, a quantity whih translates
the eet of the bending of light before the system reahes equilibrium.
The fat that boundary symmetries annot be redued as in AdS ase sug-
gests not only that the propagation in the bulk is not unique (therefore we don't
see the possibility of a naive holographi RG) as in AdS ase but also that a
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degree of non loality will be present-beause of the impossibility of reduing
the big symmetry group in general- in the andidate boundary theory, where
elds will arry in general representations of the BMS group.
This motivates the following analysis of wave equations for the BMS group.
4.3 Representations of the BMS group
As said our target is to write (ovariant) wave equations as ommonly done
in physis for other groups [72℄. We therefore rst review very briey in this
setion the representation theory of the BMS group (See Appendix A.1 and A.2
for details). We reall the situation for the Poinaré group to ompare then
similarities and dierenes with respet to the BMS ase. We give the kets to
show expliitly the labelling of the orresponding states. Theory and denitions
used in indued representations of semidiret produt groups are reviewed in
Appendix A.
Poinaré group
In this ase we deal with P = T 4 ⋉ SL(2, C) whose little groups and orbits
are well known and are summarized in the following table (see [73℄ and [74℄)
5
:
Little group orbit invariant representation label
SU(2) p2 = m2, sgn(p0) disrete spin j (dim=2j+1)
SU(1, 1) p2 = −m2, disrete spin j′
E(2) p2 = 0, sgn(p0) ∞-dimensional,
E(2) p2 = 0, sgn(p0) 1-dimensional λ.
We rst notie that the generators of T 4 an be simultaneously diagonalized
and for this reason the orbit is the spetrum of energy. We have to impose some
physial restritions, namely we all unphysial those representations related to
negative square mass and negative sign of p0. Unfortunately, this is not enough
sine we have to deal with a ontinuous spin oming from E(2). This ase is
5
The Lie algebra of the 2-d Eulidean group is:
[L3, Eα] = iǫαβEβ ,
[Eα, Eβ ] = 0.
The two Casimirs of the group are E2 and C2 = exp(2πiL3) where C2 = ±1 (integer and half-
integer values of L3). The two E(2) are atually the same group with dierent representations
depending if the value of the Casimir operator E2 is dierent (rst ase) or equal (seond ase)
to zero
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exluded by hand and so we end up with two spin quantum numbers, i.e. j from
SU(2) and λ from E(2); therefore the general ket for the Poinaré group is
| p, j >, | p, λ >, (4.26)
respetively for massive and massless states.
BMS group
In this ase one has additional freedom sine one is free to hoose the topol-
ogy for supertranslations. This is due to the fat that ℑ is not a Riemannian
manifold: it is degenerate preisely in the diretions along whih supertransla-
tions at. Having in mind Penrose desription of the BMS as an exat symme-
try ating of ℑ, arbitrary supertranslations funtions desribe indeed symmetry
transformations along ℑ. The standard hoie [75℄, [76℄ made in the literature
is Hilbert or nulear topology. The former should be assoiated with bounded
systems (for whih indeed the BMS group turns out to be the asymptoti sym-
metry group as originally disovered), while the latter with unbounded (See
setion 7.3 for the role of unbounded systems).
We rst onsider the Hilbert topology-i.e. we endow N with the ordinary
L2 inner produt on S2. Following [75℄ , [77℄, we remember that the supertrans-
lations spae an be deomposed in a translational and a supertranslational
part
N = A⊕B,
where only A is invariant under the ation of G = SL(2,C) and T 4 = NB .
Furthermore there is also this hain of isomorphisms:
N ∼ Nˆ ∼ N ′ ∼ N,
where Nˆ is the harater spae and N ′ is the dual spae of N . This means
that given a supertranslation α we an assoiate to it a harater χ(α)
.
= eif(α),
where the funtion f(α) =< φ, α > and where φ ∈ N .
The dual spae an be deomposed as N ′ = B0 ⊕A0, where B0 and A0 are
respetively the spae of all linear funtionals vanishing on B and A and where
only A0 is G-invariant. Also the following relations are G-invariant i.e.
(N/A)′ ∼ A0 N ′/A0 ∼ A′. (4.27)
In view of the isomorphism between N ′ and N , we an expand the super-
momentum φ in spherial harmonis as
φ =
1∑
l=0
l∑
m=−l
plmYlm +
∑
l>1
l∑
m=−l
plmYlm,
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where the rst term lies in B0 and the seond in A0.6Relying on (4.27), we an
think of the oeients plm with l = 0, 1 as the omponents of the Poinaré
momentum. Thus, we all the dual spae of N the supermomentum spae and
dene a projetion map:
π : N ′ → N ′/A0,
assigning to eah supertranslation φ a 4-vetor π(φ) = (p0, p1, p2, p3).
At the end of the day one ends up with [77℄
Little group orbit invariant representation label
SU(2) p2 = m2, sgn(p0) disrete spin j (dim=2j+1)
Γ p2 = m2, sgn(p0) disrete spin s
Γ p2 = 0, sgn(p0) disrete spin s
Γ p2 = −m2, disrete spin s
Θ p2 = m2, sgn(p0) disrete spin s
C˜n p
2 = m2, sgn(p0) nite dimensional k,
C˜n p
2 = 0, sgn(p0) nite dimensional k,
C˜n p
2 = −m2, nite dimensional k,
D˜n p
2 > 0, sgn(p0) (for p0 > 0) nite dimensional dn,
D˜n p
2 < 0 nite dimensional dn,
T˜ p2 > 0, sgn(p0) nite dimensional t.
O˜ p2 > 0, sgn(p0) nite dimensional o.
I˜ p2 > 0, sgn(p0) nite dimensional i.
Therefore the general kets of the BMS group for massive and non massive par-
tiles
7
are:
| p, j, s, k, dn, t, o, i >, | p, s, k >, (4.28)
where the new quantum numbers were originally interpreted as possible internal
symmetries of bounded states [77℄,[78℄,[79℄ and the BMS group was indeed pro-
posed to substitute the usual Poinaré group to label elementary partiles due
to the absene of non ompat little groups and therefore of ontinuous spins.
6
One an interpret the piee belonging to A0 as omposed of spetrum generating operators,
while those in B0 at on the vauum in the ontext of a holograhi desription. We thank J.
de Boer for the remark.
7
In the BMS group the massive and the massless kets are both labelled by disrete quantum
numbers related to faithful representations of (almost the same) ompat groups whereas
in the Poinaré ase massless states are labelled by the disrete number of the unfaithful
representation of the non ompat group E(2).
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Choosing a dierent topology for supertranslations, however, one registers
the appearene of non ompat little groups in the BMS representations theory
too [80℄. We believe that preisely for this reason the hope to use BMS group
to label elementary partiles was abandoned. However another interpretation
of these numbers has been suggested as we are going to see soon.
Consider then the ket for the nulear (or ner) topology. First of all, reall
that in this ase it is impossible to have an exaustive answer sine not muh is
known about disrete subgroups. Nevertheless we have [76℄
Little group orbit invariant representation label
Γ p2 = m2, 0,−m2, sgn(p0) disrete 1 dim. spin s
SU(2) p2 = m2, sgn(p0) disrete 2j + 1-dim. spin j
∆ p2 = 0, sgn(p0) nite dim. δ or ∞ dim.
S1 p
2 = 0, sgn(p0) nite dim. s1
S2 p
2 = 0, sgn(p0) nite dim. s2
S3 p
2 = 0, sgn(p0) nite dim. s3
S4 p
2 = 0, sgn(p0) nite dim. s4
S5 p
2 = 0, sgn(p0) nite dim. s5
We omit the study of little groups with m2 < 0 sine in priniple they have
no physial relevane. Thus the general ket for the BMS group in the nulear
topology is:
|p, j, s, {tn} >, |p, j, s, δ, {sn} > (4.29)
where the rst ase refers to faithful representations with m2 > 0 and the index
{tn} stands for all the representation numbers of nite groups; the seond ket
instead refers to the massless ase and {sn} stands for all the representation
numbers of the non onneted groups.
Note that it is beause of the innite dimensionality of supermomentum
spae that one has non-onneted or even disrete little groups, sine one an
have a lot of invariant vetors in this ase. This is quite unfamiliar, sine angular
momenta are normally assoiated with onneted groups of rotations. From an
experimental point of view this also renders problemati the measurement of
these Bondi spins as they are normally alled. Indeed only in the ase of the
little group SU(2) BMS representations ontain a single Poinaré spin, otherwise
they ontain a mixture of Poinaré spins. Note also a urious fat: form2 > 0 all
bosons with the same mass appear in the same multiplet while all fermions with
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the same mass appear in the same multiplet though orresponding to dierent
representation.
4.4 Wave equations
In this setion we derive the ovariant wave equations for the BMS group. As
remarked before and in the following, nulear (or even ner) topology is expeted
to be assoiated with unbounded systems, perhaps with innite energy too.
This would require in general Einstein equations in distributional sense and
a dierent notion of onformal innity. We therefore restrit to the Hilbert
topology desribing bounded systems in the bulk.
Canonial wave equations have been suggested in [75℄, though physiists
normally use ovariant wave equations. To derive them we use the theorem
ontained in [81℄ whih shows how to get irreduible ovariant wave funtions
starting from (irreduible) anonial ones. The framework- based on ber bun-
dle tehniques, is quite general and elegant. For denitions and notations see
Appendix B, whih we suggest to read before this setion.
We are also going to use sort of diagrams in the disussion whih, although
not ompletely rigorous, may help to handle the formalism easier.
Consider then the following diagram
G = N ⋉ SL(2,C)
π

Σ // GL(V )
∗

N F (N, V )
π′
oo
The representations indued in the above way are usually referred as ovari-
ant. Sine the bundle is topologially trivial i.e. G = N × SL(2,C) we are free
to hoose a global setion s0 : N → G and the natural hoie is s0(n) = (n, e);
it is possible to see from (B.3) that γ0((n, k), n
′) = (0, k) whih implies that the
matrix A(g, n′) = Σ(γ(g, n′)) (see Appendix B for denitions) does not depend
on the hoie of the supertranslation n′ whereas this fails for indued represen-
tations. The only problem for ovariant representations is that in general they
are not irreduible even if Σ is, but as said a method [81℄ to ompare ovari-
ant and indued representations was formulated. Consider indeed the following
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diagram:
G ∼ Gˆ = Nˆ ⋉ SL(2,C)
π

Σ // GL(V )
∗




Nˆ Fˆ (Nˆ , V )
π′
oo
,
where Nˆ is the harater spae ofN and Fˆ is the bundle Nˆ⋉SL(2,C)×SL(2,C)V .
Thus we an introdue a Tˆ representation ating on the setions of Γ(Fˆ ):
Tˆ (n, k)ψˆ(kχ) = (kχ)(n)kψˆ(χ),
whih is a transposition of
Tˆ (g)ψˆ(gχ) = gψˆ(χ). (4.30)
Using the natural setion (in the harater spae) sˆ0(χ) = (χ, e), the ation
of the group G on the funtion fˆ : Nˆ → V is given from (4.30) by(
Tˆs0(n, k)fˆ
)
(kχ) = (kχ)(n)Σ(k)fˆ (χ), (4.31)
whih we an refer to as the ovariant wave equation. The relation between
indued and ovariant representations an be made now hoosing a xed har-
ater on an orbit Ω (physially speaking going on shell) and denoting with σ
the representation of Kχ0 subdued by Σ.
The essene of the Theorem ontained in [81℄ is that if W is the anonial
representation of G in Γ(F ) indued from χ0σ than there exists an isomorphism
of bundles ρ : F → FˆΩ suh that the map R : Γ(F ) → Γ(FˆΩ) dened by
Rψ(χ) = ρ(ψ(χ)) satises
R ◦W = TˆΩ ◦R,
whih states the equivalene between W and TˆΩ. Notie that with TˆΩ and with
FˆΩ we simply refer to the (on shell) restrition on the SL(2,C)-orbit. The above
framework an be applied for a given group G = N ⋉H as follows:
1. identify all little groups Hχ ⊂ H and their orbits (labelled by Casimir
invariants)
2. onstrut a representation indued from Hχ and hoose a setion for the
bundle G ((G/Gχ), π,Gχ),
3. onstrut the anonial wave equations for eah little group.
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4. onstrut the ovariant wave equation starting from a representation of
H upon the hoie of a setion of the ber bundle G(N, π,H). Write the
ovariant wave equation in the dual spae.
5. relate the indued and the ovariant wave equations restriting the latter
to the orbit of a little group and then dening a linear transformation V
ating on funtions given by
V = Uλ(s
−1(p)),
where U is the representation of H and s is the setion hosen at point
(2).
6. sine the representation U is in H and it is reduible, it is neessary to
impose some onstraints (i.e. projetions) on the wave funtions orre-
sponding to the redution of the representation U to one of the little
groups.
Poinaré group
We review rst how the above onstrution applies to the Poinaré group
T 4 ⋉ SL(2,C). For further details we refer to the exsisting literature [74℄, [72℄
and [82℄. As disussed before, little groups and orbits of the Poinaré group
are well known and in partiular for a massive partile the orbit is the mass
hyperboloid SL(2,C)/SU(2) ∼ ℜ3 and a xed point is given by the 4-vetor
(m, 0, 0, 0). A representation for SU(2) is the usual 2j + 1-dimensional Dj and
a global setion (see appendix of [77℄) for SU(2) an be hosen remembering
the (unique) polar deomposition for an element g ∈ SL(2,C) given by g = ρu
where ρ is a positive denite hermitian matrix and u ∈ SU(2). Thus a setion
η an be written as:
η(ρ) = η(ρ[SU(2)]) = (ρ, 0). (4.32)
This onludes the rst two points in our onstrution; a anonial wave equa-
tion an be immediately written starting from (B.2) as:
Um,+,j (g) f(gp) = eip·aDj [ρ−1ΛgΛpΛgρΛp ]f(p), (4.33)
where g = (a,Λ), the exponential term is the harater of a ∈ T 4, the · rep-
resents the Minkowskian internal produt, p is a point over the orbit, U is a
representation of the little group over an Hilbert spaeHj and f(p) is a funtion
in L2(SL(2,C) ⋉ N/SU(2) ⋉ N) ⊗ Hj . Notie also that the representation is
labelled by the SU(2) quantum number j and by the indies m,+ that allow
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to selet a unique point over the orbit through the identiation m = K and
sgn(K) > 0.
The ovariant wave equation an be written for funtions f(p) ∈ L2(T 4) ⊗Hλ
as: (
Uλ(g)f
)
(a) = Uλ(Λ)f(Λ
−1(a− a′)), (4.34)
where g = (a′,Λ) and Uλ is a representation of SL(2,C). In the dual spae
(4.34) beomes: (
Uλ(g)fˆ
)
(p) = eip·aUλ(Λ)fˆ(Λ−1p). (4.35)
This onludes the fourth point of our onstrution; the redution to the orbit
of the SU(2) little group an be ahieved requiring the mass ondition for eah
fˆ(p):
θ(p0)(p
2 −m2)fˆ(p) = 0,
whih amounts to restrit
8
the measure d4(p) to dµ′(p) = 2πδ(p2−m2)θ(p0)d4p.
This means that instead of dealing with funtions in L2(T 4, d4p)⊗Hλ we on-
sider elements of the Hilbert spae Hm,+,λ = L2(T 4, dµ′(p)) ⊗Hλ. In order to
relate the anonial and the ovariant wave equations, we introdue the operator
V = Uλ(ρ
−1
p ),
where ρ−1p = η(p)
−1
. This ats on funtions as
(V fˆ)(p) = Uλ
(
ρ−1p
)
fˆ(p).
Thus if we dene the spae Hm,+,λη to oinide as a vetor spae with Hm,+,λ
but equipped with the inner produt
(f, f ′)η =
∫
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)−1)f ′(p)
)
Hλ ,
we see that the map V is indeed unitary and substituting it in (4.35) through
V −1Um,+,λV = Um,+,λη we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(ρ
−1
p ΛρΛ−1p)f(Λ
−1p), (4.36)
whih is oinident with the anonial wave equation even if Uλ is still a repre-
sentation of SL(2,C). This means that in general our wave funtion has more
omponents that those needed and for this reason, we have to introdue a suit-
able orthoprojetion modding out the unwanted omponents. This an be done
introduing a matrix π suh that
πf(p¯) = f(p¯),
8
Here and in the following we denote with ′ the measure restrited to the orbit.
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where p¯ is a xed point over the orbit. Another way to express the projetion
operation is to onsider the point f ′(p¯) = (U(Λ)f)(p¯) and the equation (4.36)
in order to obtain the more familiar expression
π(p)f(p) = f(p),
where p = L−1Λ p¯ and where π(p) = D
−1(Λ)πD(Λ). Using the deomposition
Λ = ρpγ that we introdued in order to onstrut the setion for the SU(2)-
orbit and using the fat that π ommutes with D(γ) with γ ∈ SU(2), then
π(p) = D−1(ρp)πD(ρp); so we have that π(p) transforms as a ovariant matrix
operator.
Let us onsider expliitly the ase of a massive partile with spin
1
2 ; to
preserve parity we onsider the representation D(
1
2 ,0) ⊕ D(0, 12 ), the matrix π
projeting away the unwanted omponents is:
π = diag[1, 0, 0, 0] =
1
2
(γ0 + I),
where γ0 is the usual Dira's γ matrix. Using the ovariant transformation of
this matrix, we nd that
(D(
1
2 ,0) ⊕D(0, 12 ))−1(Λp)π
(
D(
1
2 ,0) ⊕D(0, 12 )(Λp)
)
=
1
2m
(γµp
µ +m),
where p = LΛp¯ and where p¯ = (m, 0, 0, 0) is a xed point in the SU(2)-orbit.
Thus the equation π(p)f(p) = f(p) for f(p) ∈ L2(ℜ3, dµ(p))⊗H| beomes:
(γµp
µ −m)f(p) = 0,
whih is the well known Dira equation. In a similar way we an nd the well
known equations for all SU(2) spins.
Let us briey remark that for massless partiles the situation is more om-
pliated sine in this ase we have to deal with the non ompat E(2) group.
The representation of SL(2,C) annot be fully deomposed into representations
of E(2) and thus the orthoprojetion ondition has to be modied [81℄.
4.4.1 Wave equations for the BMS group
Realling the disussion on representations of the previous Setion we fous on
the Hilbert topology ase and derive the ovariant wave equations for the little
groups SU(2),Γ,Θ and nite groups.
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The group SU(2)
Clearly the rst point of the onstrution has already been given by MCarthy
([75℄, [77℄) togheter with a partial lassiation of the orbits. For massive parti-
les a great dierene arises from the Poinaré group where the only orbit with
m > 0 is the one of the SU(2) little group whereas for the BMS group, apart
from SU(2), we need to onsider more groups as it an be seen from the tables
in the previous Setion.
Let us now address point (2). Remember that in this ase the orbit is isomor-
phi to ℜ3 and that a xed point on the orbit is given by a onstant funtion
K over the sphere S2. Thus the orbit is uniquely haraterized by the mass
m2 = K and the momentum 4-vetor is given by π(φ) = (m, 0, 0, 0) where φ is
a onstant supertranslation.
A setion for the bundle G (SL(2,C)⋉N/SU(2)⋉N, π, SU(2)⋉N) has been
given in the previous disussion on the Poinaré ase through the polar deom-
position g = ρu with u ∈ SU(2) and ρ a positive denite hermitian matrix.
Thus a setion η an be written as:
η[p] = η[ρSU(2)] = (ρ, 0) . (4.37)
Point (3) is also easy to implement starting from the well known represen-
tations of SU(2) sine (B.2) beomes:
Um,+,j (g)u(gp) = ei<φ,a>Dj [ρ−1ΛgΛpΛgρΛp ]u(p), (4.38)
where g = (a,Λ) ∈ BMS, the exponential term is the harater of the super-
translations a expressed via the Riesz-Fisher theorem, p is a point over the
orbit, U is a representation of the little group over an Hilbert spae Hj and
u(p) is a funtion in L2(SL(2,C)⋉N/SU(2)⋉N)⊗Hj .
After ompleting point (3), we an write the general ovariant wave equation.
In this ase we deal with funtions f ∈ L2(N)⊗Hλ (λ is index for an SL(2,C)
representation) i.e. (
Uλ(g)f
)
(φ) = Uλ(Λ)f(Λ
−1(φ− φ′)), (4.39)
where g = (φ′,Λ) and Uλ is a representation of SL(2,C). We go to the dual
spae of supertranslations using the well dened harater χ(α) and funtional
integration restriting to the SU(2) orbit to get for fˆ(a) ∈ L2(Nˆ)⊗Hλ.(
Uλ(g)fˆ
)
(a) = ei<φ
′,a>Uλ(Λ)fˆ(Λ
−1a), (4.40)
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Thus in the end we deal with funtions in Hˆm,+,λ = L2(N, dµ′)⊗Hλ. The linear
operator relating the indued and the ovariant wave equations is given for a
generi point in the orbit p = (φ,Λ) by
V = Uλ(ρ
−1
p ),
where ρ−1p = η(p)
−1
. This ats on funtions as
(V fˆ)(p) = Uλ
(
ρ−1p
)
fˆ(p).
Thus if we dene the spae Hm,+,λη to oinide as a vetor spae with Hm,+,λ
but provided with the inner produt
(f, f ′)η =
∫
orbit
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)−1)f ′(p)
)
Hλ ,
we see that the map V is indeed unitary and substituting it in (4.40) through
V −1Um,+,λV = Um,+,λη we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(ρ
−1
p ΛρΛ−1p)f(Λ
−1p), (4.41)
whih is oinident with the anonial wave equation though Uλ is still a repre-
sentation of SL(2,C).
The last point of our onstrution omes into play sine we need to impose
further onstraints on the wave equation in order to mod out the unwanted
omponents arising from the fat that Uλ is a representation of SL(2,C) that
has to be restrited to an SU(2) one. This redution an be expressed using a
matrix π and, for the BMS group, the disussion for SU(2) is exatly the same
as in Poinaré; so if we hoose a xed point φ¯ in the orbit, the onstraints we
have to impose beomes:
π[SU(2)]f(φ¯) = f(φ¯). (4.42)
Remembering that a representation D(j1,j2) ∈ SL(2,C) an be deomposed
into SU(2) representations through D(j1,j2) =
j1+j2⊕
j=|j1−j2|
Dj , the matrix π simply
selets the desired value of j from the above deomposition. If, as an example,
we onsider the value j = 1 in the representation D(
1
2 ,
1
2 ) =
1⊕
j=0
Dj , the matrix
π is:
π[SU(2)] = diag[0, 1, 1, 1].
The group Γ
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Consider now Γ, namely the double over of SO(2). An element of this group
is given by a diagonal omplex matrix:
g =
[
e
i
2 t 0
0 e−
i
2 t
]
.
Again in [77℄ the orbits for this little group were studied and it was shown that
both the squared mass and the sign of the energy are good labels. A xed point
on this orbit is given by a supertranslation depending only on the modulus of the
omplex oordinate over S2 i.e. ψ = ψ(| z |) (or equivalently in real oordinates
this means that ψ(θ, ϕ) does not depends on φ).Thus in this ase the projetion
over the four-momentum for the xed point is
π(ψ(θ, ϕ)) = (p0, 0, 0, p3).
Notie also that we hoose in the orbit of Γ those funtions not in the orbit
of SU(2)-i.e. they annot be transformed into a onstant funtion; this means
that any point in the orbit has the form ψ = Γψ(| z |). In [75℄ also a setion for
the bundle G(SL(2,C)/Γ, π,Γ) has been given: any element g ∈ SL(2,C) an
be deomposed as explained before as g = ρu with u ∈ SU(2). The element u
an further be deomposed as u = γφσθγψ whih implies g = τγψ where now
γψ ∈ Γ. Thus a setion an be written as:
η(τ [Γ]) = (0, τ) ∈ BMS.
This ompletes the rst and the seond point of the onstrution. The anonial
wave equation an be written diretly from the one-dimensional representation
for Γ ating on an element γ as a multipliation in one omplex dimension:
Ds(γ) = eist.
This leads to
Um,+,s,p0(g)f(gp) = ei<φ,a>Ds(τ−1ΛgΛpΛgτΛp)f(p), (4.43)
where g = (a,Λ) ∈ BMS, f(p) is a square integrable funtion over the orbit
SL(2,C)/Γ ∼ ℜ3 × S2 and the indies on the left hand side label the orbit.
Notie that the dierene from SU(2) is that these indies are not uniquely
determining the orbit sine in that ase the xed point was given by the onstant
supertranslation K = m and for this reason the value of the mass, and the sign
of p0 were xing in a unique way the point over the orbit. On the other hand here
the labels m,+, p0 are xing only a lass of points with the same 4-momentum
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i.e. pµ = (p0, 0, 0,
√
m2 + p23) whereas the supertranslation assoiated is not
unique sine in real oordinates it has the form:
φ(θ) = p0 + p3cosθ + h(θ),
for all possible h(θ) Γ-invariants.
It also worth stressing that if we hoose p0 = m and p3 = 0 (i.e. the equiva-
lent of the rest frame), the assoiated supertranslation is not onstant but it has
the form φ(θ) = K + h′(θ) with h′ 6= 0 sine otherwise the point would belong
to the SU(2) orbit whih is impossible. This an be seen as the impossibility
to dene ordinary angular momentum . More generally this is related to the
statement [83℄ that the representations of BMS dierent from SU(2) annot
be uniquely redued to Poinaré ones but eah of them deomposes into many
dierents Poinaré spins as realled before.
Point (4) of our onstrution goes along similar lines just by reduing the
funtional integration to the orresponding orbit. Thus we only need to dene
the linear map for a generi point over the orbit p = (a,Λ)
V = U(ρ−1p ),
where ρ−1(p) is the inverse of the setion η(p). As in the ase of SU(2) this
linear operator swithes from the spae Hm,+,p0,s = L2(N, dµ′) ⊗ Hs to the
spae Hm,+,p0,sη whih oinides as a vetor spae but the internal produt is:
(ψ, φ)η =
∫
ℜ3×S2
dµ′(p)
(
Uλ(η(p)
−1)ψ(p), Uλ(η(p)−1)φ(p)
)
Hs .
As before substituting the map V into (4.40), we get:(
Um,+,p0,λ(g)f
)
(p) = ei<φ,a>Uλ(τ
−1
p ΛτΛ−1p)f(Λ
−1p), (4.44)
whih is oinident with (4.43) exept that the representation needs to be re-
dued from SL(2,C) to Γ. Sine all little groups in the Hilbert topology are
ompat, we know that U is always ompletely reduible and that the desired
irreduible omponent an be piked out.
As before we start from a representation D(0,j) ⊕ D(j,0) to make sense of
parity and we impose restrition. Sine the deomposition of Dj(SU(2)) into Γ
is well known and has the form:
Dl(Γ) =
l⊕
m=−l
Um(Γ),
4.4 Wave equations 93
we an rst projet from SL(2,C) into a representation of SU(2) and using the
above deomposition, selet a partiular value of s. The proedure is basially:
D(j1,j2)(g) =
j1+j2⊕
j=|j1−j2|
Dj(g) =
j1+j2⊕
j=|j1−j2|
j⊕
s=−j
Ds(g).
The subsidiary ondition is:
π(Γ)f(φ¯) = f(φ¯),
where φ¯ is a xed point over the orbit (i.e. φ¯ = p0 + p3 cos θ + h(θ)) and where
π(Γ) extrats from the above deomposition the desired s omponent. As an
example in the ase of s = 1 from the representation D(
1
2 ,
1
2 )
we know that:
D(
1
2 ,
1
2 ) =
1⊕
j=0
Dj(g) =
1⊕
j=0
j⊕
s=−j
Ds(g),
so that
π = diag[0, 0, 0, 1]
The group Θ
The third group we examine is the ompat, non-onneted little group
Θ = ΓR2 where R2 is the set (not the group) given by the matrix I and
J =
[
0 1
−1 0
]
. The orbit of this group is given by the points in the orbit
of Γ whih are also invariant under R2. This last ondition is equivalent to
require for the supertranslation ψ(θ) = ψ(−θ). Upon projetion over the dual
spae this implies that π(ψ) = p0 + p3cosθ = p0. Thus a xed point under the
ation of Θ is an element of the orbit of Γ with the form
ψ(θ) = p0 + h(θ),
with learly h(θ) 6= 0 sine otherwise the supertranslation would be in the SU(2)
orbit.
Another important remark is that the orbit SL(2,C)/Θ is ℜ3 × P 2 whih
is the same orbit of the group Γ plus the antipodal identiation of the points
over the sphere due to R2. In order to hoose a setion we remember that every
g ∈ SL(2,C) an be deomposed as g = τγ with γ ∈ Γ; a point in SL(2,C)/Γ is
thus identied with the value of τ . In our ase a global setion (see [77℄) an be
given notiing that every matrix σθ =
[
cos θ2 i sin
θ
2
i sin θ2 cos
θ
2
]
an be deomposed
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as σθ = σθ′q with 0 < θ
′ < π2 , q = γ pi2 rγ−pi2 and r ∈ R2. Sine any element
g of SL(2,C) an be written as g = ρu = ργΦσθγψ, we an plug in the above
deomposition
g = ργΦσθ′qγψ = βq
′.
Thus we an see that a setion ω : G/Θ→ G is given by ω(gΘ) = ω(λq′Θ) =
ω(λΘ) = λ. From this we an easily write a setion SL(2,C) ⋉ N/Θ ⋉ N →
SL(2,C)⋉N as:
η(β) = (β, 0).
This onludes point (1) and (2) of the onstrution. Consider now Θ represen-
tations: the 1-dimensional one when s = 0 (s is the index for the representation
of Γ) whih is U(γ) = 1 and U(J) = −1 whereas for integer s we have:
U(γφ) =
[
e
i
2 sφ 0
0 e−
i
2 sφ
]
, U(J) =
[
0 (−)s
1 0
]
.
Realling that the for the orbit of Θ we an apply the same onsiderations and
the same labels as for Γ exept that in our ase p3 = 0 (and p0 = m), we an
write
Um,+,s(γθ)(g)f(gp) = e
i<φ,a>Ds[β−1ΛgΛpΛgβΛp ]f(p), (4.45)
where here we denote with Ds the representation of Θ over an Hilbert spae
Hs and thus the funtion f(p) is in Hm,+,s = L2(SL(2,C) ⋉N/Θ ⋉N) ⊗Hs.
We proeed than as in the previous ases. We introdue the operator V =
Us(η(β(p)
−1)) that sends the Hilbert spaeHm,+,s toHm,+,sη whih is oinident
as a vetor spae to the rst but it is endowed with the internal produt:
(f, f ′)η =
∫
ℜ3×P 2
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)−1)f ′(p)
)
H .
As usual substituting the map V into (4.40) we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(β
−1
p ΛβΛ−1p)f(Λ
−1
p ), (4.46)
where f(p) = (V fˆ)(p) and Uλ is the restrition of Uλ from SL(2,C) to Θ.
We now redue Uλ and this is indeed possible sine Θ is ompat. This an be
ahieved as for the Γ ase using the harater formula (see [83℄) and every single s
appears exatly one in the deomposition of SU(2). We proeed then as in the Γ
situation with the exeption that now the projetion equation π[Θ]f(φ¯) = f(φ¯)
is applied to the supertranslations whih are a xed point over the orbit of the
Θ group. The form of the matrix will indeed be the same.
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Finite groups
Only nite dimensional groups have to be onsidered in the massive ase.
We shall address only the (double over of the) yli group Cn as an example
sine all the others are similar ases.
The group C˜n is given by the diagonal matries:
cn =
[
e
piik
n 0
0 e
−piik
n
]
,
where 1 ≤ k ≤ 2n. The orbit for this group is onstruted from a x point whih
is given by those supertranslations satisfying the periodi ondition ψ(θ, ϕ) =
ψ(θ, ϕ + 2πn ). Thus, a part from the ase n = 1 whih is trivial, the above
ondition tells us that the funtion ψ(θ, ϕ) = p0+p3 cos θ+k(θ, ϕ) where k(θ, ϕ)
is a pure supertranslation. Furthermore we an assign a global setion to this
orbit notiing that any element of Γ an be deomposed as:[
ei
t
2 0
0 e−i
t
2
]
=
[
ei
t′
2 0
0 e−i
t′
2
][
ei
pik
n 0
0 e−i
pik
n
]
,
where 0 < t′ < πn . Sine any element g of SL(2,C) an uniquely be written
as g = τγθ, we an plug in the above deomposition writing g = τγθ′ck. Thus
ω(gCn) = ω(τγθ′ckCn) = ω(αCn) = α. This onludes both points (1) and
(2) of our onstrution. The representation is simply one dimensional and gives
Dk(g) = e
ikpi
n
with 1 ≤ k ≤ 2n. Thus the anonial wave equation is simply:
Um,+,p0,k(g)f(gp) = ei<φ,a>Dk[α−1ΛgΛpΛgαΛp ]f(p), (4.47)
where as usual g = (a,Λ), p is a point over the orbit and f(p) ∈ L2(SL(2,C⋉
N/Cn ⋉ N) ⊗ Hk. The operator relating the two desription is as usual V =
Uλ(η
−1
p ) that ating on funtions over Hm,+,p0,λ = L2(N, dµ′)⊗Hλ as:
(V fˆ)(p) = Uλ
(
η−1(p)
)
fˆ(p).
Thus V sends the Hilbert spae Hm,+,p0,s into Hm,+,p0,sη whih are oinident
as vetor spaes but the latter is endowed with the inner produt:
(f, f ′)η =
∫
ℜ3× P3
Cn
dµ′
(
Uλ(η(p)
−1)f(p), Uλ(η(p)−1)f ′(p)
)
Hλ .
Substituting the map V into (4.41), we get(
Um,+,p0,λf
)
(p) = ei<φ,a>Uλ(α
−1
p ΛαΛ−1p )f(Λ
−1p), (4.48)
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whih is as usual oinident with (4.47) exept for the fat that we need some
further onstraints to selet the rep we like. In this ase we an start from a
representation of SL(2,C) and progressively redue it rst to SU(2) then to Γ
and in the end to Cn. Following [83℄ we only need to onsider the redution
of a representation Ds of Γ. Sine on an element cn ∈ Cn Ds ats giving e ipisn
whereas the representation of Dk of Cn gives e
ipik
n
; thus the representation of Cn
appears only one or no times in Ds. This ondition is expressed by the equation
s = k2 (mod n). From this we an see that
D(j1,j2)(g) =
j1+j2⊕
j=|j1−j2|
j⊕
s=−j
δs, k2 (mod n)
Dk(g).
We an easily now extrat the orthoprojetion matrix π and write the additional
onditions
π[Cn]f(φ¯) = f(φ¯),
where φ¯ is a xed point over the orbit of the Cn group. As an example let
us onsider the ase k = 0 for C2 in the representation D
( 12 ,
1
2 )
. We nd from
the deomposition that the U0(C2) an appear only when the equation 0 =
p
2 (mod2) holds; sine p ranges only from −1 to 1, this implies that the desired
representation appears only one in eah D0(Γ).Thus
π[C2] = diag[1, 0, 1, 0].
This onludes our analysis for the massless ase and also for the massive
ase, sine all other disrete groups in the Hilbert topology are ating like the
yli.
4.4.2 Generalizations of the BMS group and possible ex-
tensions of the results
A natural question arising both from the representation theory and wave equa-
tions onerns the origin and meaning of disrete little groups. A suggestion
omes from [84℄ where MCarthy studies all possible generalizations (42 in the
end) of the BMS group. Among them one ndsN(S)⋉L+ where L+ is the usual
(onneted omponent of the homogeneous) Lorentz group and N(S) is the set
of C∞ salar funtions (supertranslations this time dened on a hyperboloyd
and depending on three angular oordinates) from S =
{
x ∈ R3,1 | x · x < 0}
to R. This group is isomorphi to the Spi group identied by Ashtekar and
Hansen [85℄ as the asymptoti symmetry group of spatial innity i0 in asymp-
totially at spae-times. The study of the representations for this group as
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well as for all others BMS-type groups an be arried on exatly along the lines
of the original BMS. Thus we have still a freedom on the hoie of topology for
the supertranslation subgroup and wave equations an be in priniple derived
exatly in the same way as we did in the previous setions. Furthermore this
suggests that a andidate eld theory living on i0 with elds arrying represen-
tations of Spi, should display, as well as the theory on ℑ±, a high degree of non
loality this time with even more degeneray sine three instead of two angular
oordinates dene supertranslations.
Finally MCarthy also identied the eulidean BMS and the omplexiation
of the BMS group
9
; the study of representations for these groups endowed with
Hilbert topology gives rise to disrete groups and it has been suggested to relate
them to the parametrization of the gravitational instantons moduli spae.
4.5 Impliations for the holographi mapping
4.5.1 Identifying boundary degrees of freedom
As we have seen in the previous analysis wave funtions appearing in ovariant
and anonial wave equations are funtions of the supertranslations or in dual
terms of supermomenta. We have therefore a huge degree on non loality, the
elds depending on an enormous (atually innite) number of parameters enter-
ing into the expansions of supertranslations (supermomenta) on the 2-spheres.
In addition their utuations are supposed to spread out on a degenerate
manifold at null innity. Reall also that supertranslations at along the u
diretion and are puntual transformations, with u playing the role of an ane
parameter. Beause of the diulties in dening a theory on a degenerate
manifold we nd therefore more natural to plae these elds and the putative
boundary dynamis on the so alled one spae [64℄, the spae of smooth ross
setions on ℑ. The BMS group is thus interpreted as the group of mappings of
the one spae onto itself.
We an give a pitorial desription as follows: x a two sphere setion on ℑ
and assoiate with this a point in the one spae alling this the origin. Any
other point in the one spae will orrespond to another two sphere setion on ℑ
and an be obtained by moving an ane distane u = α(θ, φ) along the original
ℑ. In this way points on one spae are mapped one to one to ross setions on
9
The eulidean BMS is the semidiret produt of N(R4 − {0}) with SO(4) whereas the
omplexiation of BMS is given by the semidiret produt of the omplexied Lorentz group
CSO(3, 1) with the spae of salar funtions from N =
{
x ∈ C4 | x · x = 0, x 6= 0
}
to C.
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ℑ.
Therefore the holographi data ought to be enoded
10
on the set of 2-spheres
and these in turn are mapped to points in one spae; we think then the an-
didate holographi desription living in an abstrat spae, implying in the end
of the day that holography should be simply an equivalene of bulk amplitudes
with those derived from the boundary theory.
11
An interesting onsequene of working in the one spae is that one has in
priniple a way to dene a length and therefore separate, in some sense, the
spheres S2 along null innity. One an atually hoose oordinates on the one
spae: they will be the oeients entering in the expansion of supertranslations
in spherial harmonis. One an then show that there exsists an ane struture
(innite dimensional) on the one spae and eventually dene a length for vetors
in the one spae [64℄
L2 = [
∫
dΩ(α(θ, φ))−2]−1 (4.49)
This should allow to dene [88℄ a sort of uto, a onept otherwise absent
on the original degenerate ℑ. In the ase of AdS/CFT the dual theory is a
CFT with no fundamental sale. There, however, one uses the fat that AdS is
basially a ylinder to end up with the orret ounting from both sides [90℄.
This goes along the diretion suggested by Bousso in [89℄. Atually apart
from the speial AdS ase where one an show that, moving the boundary-
sreen to innity, the boundary theory is indeed dual sine it ontains no more
than one degree of freedom per Plank area [90℄, the dual theory approah
should not work in our ase and one should expet theories with a hanging
number of degrees of freedom in the ase of null boundaries. Degrees of freedom
should appear and disappear ontinuously
12
. The dependene of (4.49) on the
oeients tells us that a possible ut o length an hange aording to the
number of oeients we swith on-o. In turn we have seen that again α(θ, φ)
enters in the hanging of asymptoti shears and we have related the possibility
of more/less bulk prodution aording to the vanishing of asymptoti shear.
Interestingly, more/less bulk entropy will have in the end of the day eet
on the way one denes lengths on the one spae.
10
See [86℄ for a similar onsiderations despite dierenes in the hoie of sreens.
11
The situation an be ompared to the BMN [87℄ limit of AdS/CFT, where the boundary
of a pp-wave bakground is a null one dimensional line and geometrial interpretation seems
diult (and may be laking). Again holography seems to be thought as an equivalene
between bulk/boundary amplitudes, the latter may be living in some smaller CFT.
12
We thank G.'t Hooft for stressing this point also in osmologial ontext
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4.5.2 Similarities with 't Hooft S-matrix Ansatz for blak
holes
The nal piture one gets is quite similar to the senario proposed by 't Hooft
[45℄ in the ontext of blak holes. In this ase we have sort of holographi elds
living on the horizon of the blak hole. Time reversal symmetry is required and
therefore one has operators living on the future and past horizons.
The desription is given in rst quantized set up and the degree of non
loality is eventually expressed in the operator algebra at the horizon
[u(Ω), v(Ω′)] = if(Ω− Ω′) (4.50)
where u(Ω), v(Ω) are the holographi elds living on the future/past horizon
depending on the angular oordinates Ω and f(Ω,Ω′) is the Green funtion of
the Laplaian operator ating on the angular horizon oordinates. Clearly the
algebra is non loal.
In this ase too the angular oordinates are at the end of the day responsible
for the ounting of the degrees of freedom, even if 't Hooft S-matrix Ansatz is
derived in a sort of eikonal limit assuming therefore a resolution bigger than
Plank sale in the angular oordinates.
The Green funtion f(Ω,Ω′) tells us how to move on the granular struture
living on the horizon and it is similar to our supertranslations generated indeed
by Plm = Ylm(Ω)∂u. The holographi information is therefore spread out in
both ases on angular oordinates.
Going then to a seond quantized desription of 't Hooft formalism, elds
are expeted to be funtional of u(Ω) and v(Ω), pretty muh in the same way
of our ase. A proposal of 't Hooft (for the 2+1 dimensional ase) preserving
ovariane is indeed
φ ∼
∑
orderings
∫
dΩ
(
δ(x1(Ω)− x)δ(x2(Ω)− y)δ(x0(Ω)− t)) (4.51)
where elds are funtionals of oordinates in turn depending on the angles. Of
ourse the horizon itself is a very speial null surfae and the set up is dier-
ent, sine the whole 't Hooft piture is dynamially generated in a holographi
redution taking plae in a sort of WKB limit. At the end of the day, however,
angular oordinates and their resolutions are the basis for the book-keeping of
states.
The horizon itself is a sort of omputer storing-transmitting information.
One looses in a sense the notion of time evolution. This suggests that also
in our ase (reall that u ats via point transformations) the elds we have
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onstruted are not quite required to evolve but are independent data living on
the 2-spheres. What generates the dynamis should be a S-matrix in the spirit
of 't Hooft. In this sense, the states are indeed holographi, sine ontain all
bulk information.
4.5.3 Remarks on the onstrution of a S-matrix
Therefore, in analogy with 't Hooft senario, we ould imagine [88℄ a S-matrix
with in and out states living on the respetive one spaes orresponding to ℑ+
and ℑ− with elds arrying BMS labels. Of ourse the big task is to expliitly
onstrut suh a mapping.
13
However, the motivation for a S-matrix is also due to the fat that in the
asymptotially at ase we have problems with massive states whih an hange
the geometry at innity. In the ase of AdS/CFT orrespondene, on the other
hand, it is true that one has a sort of box with walls at innity so that quan-
tization of modes is similar to elds in a avity. But via the Kaluza-Klein
mehanism one generates a onning potential for massive modes. Note also
that already for massless elds the sattering problem in the physial spaetime
an be translated in a harateristi initial value problem [91℄ at null innity in
the unphysial spaetime.
14
The way in whih one should proeed in quantizing has to be dierent from
the usual one, sine one does not need hoies of polarizations to kill unwanted
phase spae volume. This has already been pointed out in [92℄ disussing BMS
representations and therefore is automatially indued to elds arrying BMS
representations we have onstruted.
The hoie of Hilbert topology, as already remarked, should be assoiated
with bounded soures in the bulk, while the nulear one should orrespond to
unbounded systems. In order to aommodate the unbounded systems whih
ought to orrespond to sattering states, one should however dene a proper
notion of onformal innity for unbounded states and this seems a diult prob-
lem. Note however that to have a unitary S-matrix in a andidate holographi
theory one must inlude unbounded states into the Hilbert spae, otherwise
asymptoti ompleteness [93℄ is violated.
13
One should also may be take into aount the role of spatial innity in gluing the past
and the future null innities.
14
[91℄ ontains a derivation of the Hawking eet and an interesting disussion on the
BMS group. The main point is that one an have in any ase an unambiguous denition of
positive/negative frequenies and this is what matters for the Hawking partile prodution.
Reall however that there ones refers to elds and their asymptotis in the bulk, not to elds
arrying BMS representations as the ones we have derived.
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In [76℄ it was also suggested to take a ner topology than the nulear one
beause of the freedom in the topology hoie for the supertranslations. It
was proposed to use real analytit funtions enlarging therefore supermomenta
to real hyperfuntions on the sphere. Interestingly quantum eld theories in
whih elds are smeared by hyperfuntions show a non loal behaviour and the
density of states an have a non polynomial growth. This might in priniple
allow to reover bulk loality
15
although one should onsider hyperfuntional
solutions to the Einstein's equations. Moreover, if one assumes that the high
energy behaviour of the density of states in the bulk is dominated by blak
holes, the exponential growth of states whih suggests an intrinsi degree of non
loality might be explained by working with hyperfuntions. This is again in
sharp ontrast with the asymptotially AdS ase where the blak hole density
of states grows essentially like the entropy of a CFT [95℄.
15
See [94℄ for similar onsiderations even if from a dierent point of view.
Chapter 5
Conlusion
In this thesis we have studied several aspets of two dierent systems in whih
we wanted to implement the holographi priniple.
In the previous hapter we foused our attention on asymptotially at spae-
times; we followed a road similar to the one settled by Maldaena in the AdS/CFT
senario where the bulk datas are essentially enoded in a eld theory invari-
ant under the ation of the onformal group whih is the asymptoti symmetry
group of an AdS manifold. In the asymptotially at framework, the role of
the onformal group is taken over by the so alled Bondi-Metzner-Sahs group
whih is the semidiret produt of the homogeneous Lorentz group with the
abelian set of C∞ maps from the 2-sphere into the real numbers.
We outlined the onstrution of the BMS group following the approah pro-
posed by Penrose who onsidered the boundary of an asymptotially at spae-
time as a separate manifold from the bulk. This line of researh onsiders the
BMS group as the set of isometries preserving the inner struture of the null
innity ℑ±; this suggests to look at the BMS group as a universal feature of
any asymptotially at spae-time and not only as the set of dieomorphism
preserving some suitable asymptoti form of the metri. Starting from these
remarks, we foused our attention on the implementation of the holographi
priniple in suh framework. The rst step in this diretion was to reognize
that already at a geometrial level the asymptotially at senario has a om-
pletely dierent beahviour ompared to an AdS manifold. In partiular we
applied Bousso ovariant entropy onjeture to show from one side that the null
boundaries ℑ± are preferred sreens suitable to enode holographi datas; on
the other side a key onept for the AdS/CFT senario suh as the holographi
renormalization proess, is not available in an asymptotially at manifold due
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to the high fousing of light rays whih leads to the formation of austis; thus
a purely geometrial reonstrution of the bulk is impossible.
In order to fully implement the holographi priniple in the asymptotially
at senario, we swithed our attention to a pure eld theoretial point of view
hoping to share some light on the bulk/boundary orrespondene from the or-
relator of a BMS eld theory. In order to omplete this task, we need to know
the full spetrum of partiles for the boundary theory; in this thesis we reahed
this goal onstruting the eld equations for all the BMS invariant partiles fol-
lowing a road similar to Wigner onstrution for the Poinaré senario [18℄. In
this approah we started from the theory of representation for the BMS group
and we introdued the ovariant BMS wave equations as maps from the set of
supertranslations N = L2(S2) into a suitable Hilbert spae1. Moreover, from
these equations, we an onlude that, whatever is the holographi dual theory,
it has to show an high degree of non loality sine the partiles evolve on N
whih is an innite dimensional Hilbert (and ane) spae where there is no
proper notion of metri. The onept of distane itself, i.e. L2 =
∫
dΩ
α2(θ,φ) , is
stritly dependant on the hoie of the supertranslation and it has no diret
orrespondene with points on ℑ±; this is a lear key sign of non loality.
In the spirit of Wigner program, we also introdued the indued wave equa-
tions whih are maps from the orbit of the little groups into a suitable Hilbert
spae. From these datas we ahieved a twofold result: from one side we have
shown that the ovariant wave equation redues to the indued equation if we
impose that eah BMS eld satises the relation
π(α)ψ(α) = ψ(α),
where ψ is the ovariant wave and π is a suitable orthoprojetor. Although the
interpretation of the above relation is not immediate, we have shown that in
the Poinaré senario, it is totally equivalent to the usual eld equations suh
as the Klein-Gordon or the Dira equations. On the other side the indued
wave equations allowed us to disover the full spetrum of the BMS eld the-
ory; omparing it with the Poinaré spetrum, we an outline some important
remarks:
• the partiles oming from the SU(2) little group an be easily put in or-
respondene with Poinaré massive partiles whereas the elds assoiated
1
This is in no ontrast with the usual notion of the elds as maps from spae-time into an
Hilbert spae sine the spae of supertranslations is the quotient of the BMS with the Lorentz
group in the same way as Minkowski is the quotient of the Poinaré with the Lorentz group.
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to other little groups, most notably, the groups Γ and Θ annot be diretly
mathed with any bulk datas.
• in the BMS frameork, massless partiles have no dierene from their mas-
sive ounterpart and a massless wave equation an be derived as the limit
ofm→ 0 of the massive one. This is a striking dierene from the Poinaré
group sine in that ase massless elds are assoiated to unfaithful rep-
resentations of the E(2) group and they have no diret orrespondene
with their massive ounterpart. This is learly a pure supertranslational
eet sine it is possible to show that in the limit m → 0, the Poinaré
four momentum vanishes whereas in the BMS senario we have still the
freedom to hoose a non zero supermomentum.
Another interesting point that rises from our analysis is related to the disrete
little groups. Their struture is idential to the ommon ADE series and we ad-
voate the hypotesis proposed in [84℄ to relate them to instanton ongurations
of the gravitational eld. This idea is extremely suggestive sine it implies that
already at a lassial level, we have a residual sign on the boundary of a pure
quantum gravity eet; on the holographi side this remark tells us that we are
faing a senario whih is ompletely dierent from the usual paradigm where
the boundary dual theory loses notion of the gravitational eld.
Eventually we onlude that the analysis in this thesis strongly enourages
the researh of an holographi orrespondene in an asymptotially at bak-
ground starting from a eld theory invariant under the asymptoti symmetry
group. Thus, at this stage, we are now faing two possible roads in order to on-
tinue the analysis along the lines presented in this thesis: from one side it would
be interesting to nd an ation funtional for the BMS elds on the underlying
Hilbert spae N . Sine there is no proper notion of metri, the usual tehniques
are doomed to failure; for this reason we suggest to follow a pure group the-
oretial approah starting from the aodjoint orbits for the BMS group. This
line of researh was rst introdued by Witten for the Virasoro algebra [97℄ and
generalized to any innite dimensional Lie group in [98℄. The underlying idea is
based upon the existene on any oadjoint orbit O of a sympleti form Ω whih
allow us to interpret the pair (O,Ω) as a sympleti manifold and as the phase
spae for the orrespondent BMS partile. For a system with vanishing hamil-
tonian suh as a onformal eld theory, the above datas are suient in order to
introdue the ation for the system, whereas in our framework we need to nd a
proper hamiltonian for eah partile in order to fully understand the underlying
dynami. A possible evolution in this diretion omes both from the analysis in
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[99℄ and [100℄ where a global BMS invariant hamiltonian is introdued although
it is unknown at present how to extrat from it the orresponding hamiltonian
for eah single partile (see [101℄ for a reent progress).
A seond line of researh, whih we also strongly advoate, follows 't Hooft
suggestion to enode the dynami of eld evolution in an asymptotially at
spae-time through a proper S-matrix onneting the states on ℑ+ with those
on ℑ−. In this approah there is no diret referene to any hamiltonian and we
refer only to the usual tehniques used to analyize Hilbert spaes. Following in
partiular the lines of Ashtekar work [102℄, this idea seems very promising but it
still laks diret ontat with the pure geometrial datas about the BMS group
[99℄ and it is still diult to onieve a way to expliitly write the S-matrix.
Although a full understanding of the holographi orrespondene in asymp-
totially at spae-times is still far away, another interesting point whih emerges
from this thesis refers to the implementation of holography in our framework
in a dierent dimension. From the analysis of the asymptoti symmetry group,
the situation seems quite dierent from the one expeted from past experienes
in the AdS/CFT senario. In partiular, if we onsider d > 4, the situation an
be quite easier sine there are indiations that it is possible to extrat a unique
Poinaré group from the BMS group although a universally aepted demon-
stration of this property is still laking. On the opposite if we onsider a three
dimensional manifold, the situation is ompletely dierent and apparently muh
more ompliated sine in this ase the BMS group is the semidiret produt
of the Lorentz group with the dieomorphism of the irle. We annot avoid
to notie a situation very similar to AdS3/CFT2 sine both CFT2 and BMS3
have a onformal algebra. Moreover this leads us to onjeture that, in the same
spirit as for CFT2, [103℄ a possible lassial entral harge emerge for the BMS3
algebra and preliminary works in this diretion [104℄ ould suggest that this a
onrete hane.
For sake of ompleteness let us also mention that, in the spirit of nding an
holographi orrespondene, reently new lines of researh have been proposed,
the most notable one by Banks who suggests to slie an asymptotially at
spae-times through a diamond D. The dual theory should be onstruted on
the boundaries of suh a diamond and the holographi regime would be reahed
only in the limit where D is oinident with the boundaries. Although this
approah is interesting and avoids a lot of tehnial problems, we still advoate
a diret study of the asymptoti symmetry group sine the above mentioned
approah does not take into aount both the null nature of ℑ±, and the origin
of the BMS group. As far as D is in the bulk, the eld theory living on its
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boundaries is by onstrution Poinaré invariant and the BMS will not naturally
appear in an asymptoti regime. Moreover by sending D to innity we have to
onsider not only the null boundaries ℑ± but also the spatial innity i0 where
the asymptoti symmetry group, the Spi, is dierent from the BMS and it is
unlear to us how in a potential dual theory both the BMS and the Spi invariane
ould ohabit at the same time.
On a dierent ground, in this thesis we studied disretized systems and in
partiular triangulated surfaes. Our starting point was the tentative in [27℄ to
implement the holographi priniple in the ontext of Ponzano-Regge alulus.
Unfortunately, although a sheme to nd a boundary partition funtion Zbound
was introdued, the boundary funtional itself was diult to interpret. The
leading idea was that, sine in the ontinuum ounterpart, there is a strit
relation between a Chern-Simons theory living in the bulk of a three dimensional
manifold M and a WZW model living on ∂M , the funtional Zbound should be
related to an SU(2) WZW model. The main result of hapter 2 and 3 has
thus been to provide the orret denition of suh a model on random Regge
triangulation and in partiular we onstruted the partition funtion for the ase
SU(2) at level 1. Morover the results of this thesis on the ground of disretized
models open a lot of interesting line of researh.
As an example, in the language we have introdued, 2D gravity an be pro-
moted to a dynamial role by summing (3.69) over all possible Regge polytopes
(i.e., over all possible metri ribbon graphs {Γ, {L(p, r)}}). It is lear, from
the edge-lenght dependene in (3.69), that the formal Regge funtional mea-
sure ∝∏{ρ1(p,r)} dL(p, r), involved in suh a summation, inherits an anomalous
saling related to the presene of the weighting fator (to be summed over all
isospin hannels j(r, p))
N1(T )∏
{ρ1(p,r)}
L(p, r)
−2Hj(r,p) , (5.1)
where the exponents {Hj(r,p)} haraterize the onformal dimension of the boun-
dary insertion operators {ψjpjrj(r,p)}. A dynamial triangulation presription (i.e.,
holding xed the {l(p, r)} and simply summing over all possible topologial rib-
bon graphs {Γ}) feels suh a saling more diretly via the two-point funtion
(3.49), and (3.66)(again to be summed over all possible isospin hannels j(r, p))
whih exhibit the same exponent dependene.
This remark is extremely important from the view point of the ritial string
where we still lak a universally aepted explenation for the anomalous saling
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related to the onformal fator. We suggest that the denition of a WZW model
on a triangulated Riemann surfae thus open the hane to nd in the language
of disretized models a way to orretly desribe suh saling.
More in the spirit of the duality CS/WZW model, it ould be of great inter-
est to better understand how (3.69) relates with the bulk dynamis in the double
V˜M of the 3-manifold VM assoiated with the triangulated surfae M . Sine we
are in a disretized setting, suh a onnetion manifests itself, not surprisingly,
with an underyling struture of ZWZW (|PTl |, {ĥ(S(+)θ(i))}) whih diretly alls
into play, via the presene of the (quantum) 6j-symbols, the building bloks of
the Turaev-Viro onstrution. This latter theory is an example of topologial,
or more properly, of a ohomologial model. When there are no boundaries, it
is haraterized by a small (nite dimensional) Hilbert spae of states; in the
presene of boundaries, however, ohomology inreases and the model provides
an instane of a holographi orrespondene where the spae of onformal bloks
of the boundary theory (i.e., the spae of pre-orrelators of the assoiated CFT)
an be also understood as the spae of physial states of the bulk topologial eld
theory. A boundary on a Riemann surfae, for instane, makes the ohomology
bigger and this is preisely the ase we are dealing with sine we are represent-
ing a (random Regge) triangulated surfae |Tl| → M by means of a Riemann
surfae with ylindrial ends. Thus, we ome to a full irle: the boundary
disretized degrees of freedom of the SU(2) WZW theory oupled with the dis-
retized metri geometry of the supporting surfae, give rise to all the elements
whih haraterize the disretized version of the Chern-Simons bulk theory on
V˜M . What is the origin of suh a Chern-Simons model? The answer lies in the
observation that by onsidering SU(2) valued maps on a random Regge poly-
tope, the natural outome is not just a WZW model generated aording to the
above presription. The deoration of the pointed Riemann surfae ((M ;N0), C)
with the quadrati dierential φ, naturally ouples the model with a gauge eld
A. In order to see expliitly how this oupling works, we observe that on the
Riemann surfae with ylindrial ends ∂M , assoiated with the Regge polytope
|PTl | → M , we an introdue su(2) valued at gauge potentials A(i) loally
dened by
A(i)
.
= γi
[√
φ(i)
(
λ(i)
κ
σ3
)
−
√−1
2π
L(i)
(
λ(i)
κ
σ3
)
d ln |ζ(i)|
]
γ−1i =
(5.2)
=
√−1
4π
L(i)γi
(
λ(i)
κ
σ3
)
γ−1i
(
dζ(i)
ζ(i)
− dζ(i)
ζ(i)
)
,
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around eah ylindrial end ∆∗θ(i) of base irumferene L(i), and where γi ∈
SU(2). (It is worthwhile to note that the geometrial role of the onne-
tion {A(i)} is more properly seen as the introdution, on the ohomology group
H1((M,N0); C) of the pointed Riemann surfae ((M,N0); C), of an Hodge stru-
ture analogous to the lassial Hodge deomposition of Hh(M ; C) generated by
the spaesHr,h−r of harmoni h-forms on (M ; C) of type (r, h−r). Suh a deom-
position does not hold, as it stands, for puntured surfaes sine H1((M,N0); C)
an be odd-dimensional, but it an be replaed by the mixed Deligne-Hodge de-
omposition). The ation SWZW|Tl=a| (η) gets orrespondingly dressed aording to a
standard presription (see e.g. [44℄) and one is rather naturally led to the famil-
iar orrespondene between states of the bulk Chern-Simons theory assoiated
with the gauge eld A, and the orrelators of the boundary WZW model.
Let us also stress that the relation between (3.69) and a triangulation of the
bulk 3-manifold V˜M , say, the assoiation of tetrahedra to the (quantum) 6j-
symbols haraterized by (3.60), is rather natural under the doubling proedure
giving rise to V˜M and to the Shottky double M
D
. Under suh doubling, the
trivalent verties {ρ0(p, q, r)} of |PTl | → M yield two preimages in V˜M , say
σ0(3)(α) and σ
0
(3)(β), whereas the outer boundaries S
(+)
θ(p), S
(+)
θ(q), S
(+)
θ(r) assoiated
with the verties σ0(p), σ0(q), and σ0(r) in |Tl| → M are left xed under the
involution Υ dening MD. Fix our attention on σ0(3)(α), and let us onsider
the tetrahedron σ3(3)(p, q, r, α) with base the triangle σ
2(p, q, r) ∈ |Tl| →M and
apex σ0(3)(α). Aording to our analysis of the insertion operators {ψ
jpjr
j(r,p)
},
to the edges σ1(p, q), σ1(q, r), and σ1(r, p) of the triangle σ2(p, q, r) we must
assoiate the primary labels j(p, q), j(q, r), and j(r, p), respetively. Similarly,
it is also natural to assoiate with the edges σ1(3)(p, α), σ
1
(3)(q, α), and σ
1
(3)(r, α)
the labels jp, jq, and jr, respetively. Thus, we have the tetrahedron labelling
σ3(3)(p, q, r, α) 7−→ (j(p, q), j(q, r), j(r, p); jp, jq, jr) . (5.3)
The standard presription for assoiating the 6j-symbols to a SU(2)Q-labelled
tetrahedron suh as σ3(3)(p, q, r, α) provides
σ3(3)(p, q, r, α) 7−→
{
j(q,p) jp jq
jr j(q,r) j(p,r)
}
Q=e
pi
3
√−1
, (5.4)
whih (up to symmetries) an be identied with (3.60). In this onnetion, one
an observe that the partition funtion (3.69) has a formal struture not too
dissimilar (in its general representation theoreti features) from the boundary
partition funtion disussed in [27℄. Suh a orrespondene should be analy-
ized in details sine a possible mathing between the partition funtion of a
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disretized SU(2) WZW model and the funtional Zbound would denitely al-
low us to understand the mehanism of the holographi priniple above all in
a system where it is apparently realized in a way ompletely dierent from the
"anonial" one seen in the AdS/CFT.
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Appendix A
Indued representations for
semidiret produt groups
We review in the following the theory of indued representations for semidiret
produt groups. Notations and onventions are those of [73℄.
Choose a loally ompat group G and a losed subgroup K ⊂ G whose
unitary representations σ : K → U(M) on a Hilbert spae M are known. On
the topologial produt G× V , dene an equivalene relation
(gk, v) ∼ (g, σ(k)v) ∀k ∈ K,
and the natural map
π : G×K V → G/K, (A.1)
assigning to equivalene lasses [g, k] the element gK on the oset G/K. The
struture given in (A.1) is learly the one of a ber bundle where the generi
ber over a base point (π−1(gK) = {[g, v]}) uniquely determines the element
v ∈M . This bijetion gives to π−1(gK) the struture of a Hilbert spae1.
One an also introdue then a Hilbert G-bundle whih is a Hilbert bundle as
before with the ation of a group G on both X,Y suh that the map
αg : x −→ gx, βg : y −→ gy
is a Hilbert bundle automorphism for eah group element.
Choose then a unique invariant measure lass on the spae G/K dened as
1
A Hilbert bundle is dened as π : X → Y where both X, Y are topologial spaes and a
struture of a Hilbert spae is given to π−1(p) for eah p ∈ Y .
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above-i.e. for any g ∈ G, for any Borel set E and for a given measure µ also
µg(E) = µ(g
−1E) is a measure in the same lass. It an be extended to any
G-Hilbert bundle ζ = (π : X → Y ) where G is a topologial group; besides given
the Hilbert inner produt on a ber π−1(p) and an invariant measure lass µ
we an introdue
H =
ψ | ψ a Borel section of the bundle,
∫
Y
< ψ(p), ψ(p) > dµ(p) <∞
 .
A unitary G-ation on H is given by:
(gψ)(p) =
√
dµg
dµ
(p)g(ψ(g−1 · p)), ∀p ∈ Y.
This ation is also a representation of G on H and does not depend on the
measure µ. Moreover this onstrution grants us that for any G-Hilbert bundle
ζσ = (π : G×K V → G/K) dened by a loally ompat group G and by a K-
representation σ, it is possible to derive an indued representation T (ζσ) whih
basially tells us that from any representation σ of K we an de fato indue
a representation T to G. Consider now a group G whih ontains an abelian
normal subgroup N . If we hoose a subgroup H suh that the map N × H
is bijetive, we an show that there exists an isomorphism between G and the
semidiret produt of N ⋉H .
A harater of N is a ontinuous homomorphism
χ : N −→ U(1). (A.2)
The set of all these maps forms an abelian group alled the dual group:
Nˆ = {χ | (χ1χ2)(n) = χ1(n)χ2(n)}
Dene then a G-ation (G ∼ N⋉H) onto the dual spae indued from G×N →
N letting (g, n)→ g−1ng suh that
G× Nˆ → Nˆ
gives gχ(n) = χ(g−1ng). Thus for any element χ ∈ Nˆ , one an dene the orbit
of the harater as:
Gχ = {gχ | g ∈ G} ,
and the isotropy group of a harater under the G-ation as:
Gχ = {g | g ∈ G, gχ = χ} .
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Clearly the set Gχ is never empty due to the fat that N ats trivially onto a
harater. Introdue now Lχ = H ∩Gχ, then
Gχ = N ⋉ Lχ.
The group Lχ is alled the little group of χ and it is the isotropy group of the
harater χ under the ation of the subgroup H ⊂ G.
Consider now a unitary representation σ for the little group Lχ ating on a
vetor spae V . Then the map
χσ : N × V → U(N × V ),
suh that (n, v) → χ(n)σ(v), is a unitary representation of Gχ on the vetor
spae V . So one an introdue an Hilbert G-bundle π : G×GχV → G/Gχ with a
base spae isomorphi to the spae of orbits Gχ dened for every representation
χσ. One nally has [96℄:
Theorem 4 (Makey) Let G = N ⋉ H be a semidiret group as above and
suppose that Nˆ ontains a Borel subset meeting eah orbit in Nˆ in just one
point. Then
• The representation T (ζ) indued by the bundle π : G ×Gχ V → G/Gχ is
an irrep of G ∼ N ⋉H for any χ and for any σ.
• eah irrep of G is equivalent to a representation T (ζ) as above with the
orbit Gχ uniquely determined and σ determined only up to equivalene.
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We endow the supertranslation group with an Hilbert inner produt:
< α, β >=
∫
S2
α(x)β(x)dΩ; (A.3)
where x ∈ S2, and the supertranslations α, β are salar maps S2 → ℜ. Therefore
N = L2(S2) is an abelian topologial group.
Any element α in the supertranslation group an be deomposed as:
α(θ, φ) =
∑
l,m
αlmYlm(θ, φ).
This deomposition is topology independent but in the ase we are onsidering
the omplex oeients αlm have to satisfy
α¯lm = (−)mαl,−m.
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Notie that supertranslations admit a natural deomposition into the diret
sum of two orthogonal (under the Hilbert spae internal produt) subspaes
(i.e. subgroups): translations and proper supertranslations. In partiular, for
any α(θ, φ) ∈ L2(S2), one an write α = α0 + α1 with:
α0 =
1∑
l=0
l∑
m=−l
αlmYlm(θ, φ), α1 =
∑
l>1
l∑
m=−l
αlmYlm(θ, φ).
Thus N an be written as:
N ∼ A⊕B,
where A is the translation group and B = N −A. One has however to keep in
mind that this deomposition, as an isomorphism, is not preserved under the
ation of the SL(2,C) group.
Consider the dual of the supertranslation spae, the harater spae Nˆ whose
elements an be written exploiting the Reisz-Fisher theorem for Hilbert spaes
as:
χ ∈ Nˆ =⇒ χ(α) = ei<φ,α>,
where φ ∈ N is uniquely determined. The G-ation on Nˆ is dened as the map
G × Nˆ → Nˆ sending the pair (g, χ) to gχ(α) = χ(g−1(α)); instead from the
point of view of an element φ ∈ N , the ation G×N → N is:
gφ(z, z¯) = K−3g (z, z¯)φ(gz, gz¯).
The above relation tells us that the dual spae Nˆ is isomorphi to the su-
pertranslations spae N and there exists a deomposition of Nˆ as a diret sum
of two subgroups-i.e. Nˆ = A0 ⊕ B0, where A0 is (isomorphi to) the spae of
linear funtionals vanishing on A whereas B0 is the spae of linear funtionals
vanishing on B0. This means that A0 is omposed by those harater mapping
all the elements of A into the unit number and the same holds also for B0. As in
the supertranslation ase, this deomposition is only true at the level of vetor
elds sine it is not G-invariant. The onlyù spae whih is not hanging under
group transformations is the subspae A0.
Sine one an assoiate a unique element of N , namely φ to eah χ(α) one
an also deompose this eld as:
φ(θ, φ) =
1∑
l=0
l∑
m=−l
plmYlm(θ, φ) +
∑
l>1
l∑
m=−l
plmYlm(θ, φ),
where the rst piee in the sum is in one to one orrespondene with the quadru-
plet (p0, p1, p2, p3) whih an be thought as the omponents of a momentum
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vetor related to the Poinaré group. For this reason one an introdue a new
spae A′ isomorphi both to A and Aˆ whih is given by the set of all possible
funtions φ and whih is often referred as the supermomentum spae.
One an now nd representations of the BMS group in Hilbert topology with
the help of Makey's theorem applying it to this innite dimensional (Hilbert)-
Lie group in the spirit of [75℄. The rst step onsists in nding the orbits
of SL(2,C) in Nˆ whih are homogeneous spaes that an be lassied as the
elements of the set of non onjugate subgroups of SL(2,C). In order to nd a
representation for the BMS group, after lassifying the homogeneous spaesM ,
we shall nd a harater χ0 xed under M and then identify eah M with its
little group assoiated with the orbit Gχ0 ∼ G/L.
As a starting point we shall onsider only onneted subgroups of SL(2,C).
The list of these groups is well known but most of them do not admit a non
trivial xed point in N . This request restrits them to
Little group Charater Fixed point Orbit
SU(2) χ(α) = ei<K,α> φ(θ, ϕ) = K PSL(2,C)
Γ χ(α) = ei<ζ(|z|),α> ζ(| z |) G/Γ
Z2 χ(α) = e
i<φ0(z,z¯),α> φ0(z, z¯) G/SU(2)
where Γ, whih onsists of diagonal matries, is the double over of SO(2) and
where Z2 is not formally a onneted group but nonetheless it is the enter of
SL(2,C) and for this reason it ats in a trivial way.
At this point one needs to express expliitly the indued representations;
this operation onsists in giving a unitary irrep U of Lχ on a suitable Hilbert
spae H for any little group and a G-invariant measure on the orbit of eah
little group. For the onneted subgroups, one has [75℄:
• the group Z2 has only two unitary irreps, the identity D0 and a seond
faithful representation D1 both ating on the Hilbert spae of omplex
numbers C as:
D0(±I) = 1, D1(±I) = ±1.
• the unitary irreps of Γ(∼ πR4 Z) are instead indexed by an integer or half
integer number s ating on the Hilbert spae of omplex numbers C as:
Ds(g) = eist,
where g ∈ Γ and
g =
[
e
it
2 0
0 e
−it
2
]
.
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• the unitary irreps of SU(2) are the usual ones ating on a 2j + 1 dimen-
sional omplex Hilbert spae with j ∈ Z2 .
Consider now the ase of non onneted little groups; the hope is that all
these groups are ompat sine this grants us that their representations an be
labelled only by nite indies. For the BMS group in the Hilbert topology this
is indeed the ase sine it was shown in [77℄ (see theorem 1) that all little groups
are ompat. Besides, sine the homogeneous Lorentz group admits SO(3) as
maximal ompat subroup, we need to analyse only subgroups of SO(3). The
list of these subgroups has been in [77℄:
Cn Dn T ∼ A4 O ∼ S4 I ∼ A5 Θ = ΓR2,
where R2 =
{
I, J =
[
0 1
−1 0
]}
. It shows that we are dealing only with
groups with nite dimensional representations whih means that there are no
ontinuous indies labelling states invariant under BMS group with Hilbert
topology.
As in the usual approah, one an then onstrut on eah orbit a onstant
funtion, namely the Casimir, in order to lassify them. Instead of working
on Nˆ it is easier to onsider the spae of salar funtions N ′ isomorphi to
Nˆ and endow it with a bilinear appliation assigning to the pair (φ1, φ2) the
number B(φ1, φ2) = π(φ1) · π(φ2) where π is the projetion on the momentum
omponents (i.e. π : N ′ → A′) and the dot denotes the usual Lorentz inner
produt. It is also straightforward to see that the bilinear appliation is G-
invariant.
This last property implies that on eah orbit in Nˆ , the funtion B is onstant
and its value an be alulated sine π(φ) = (p0, p1, p2, p3) so that:
B(φ, φ) = π(φ) · π(φ) = m2.
One an thus label eah orbit in the harater spae with an invariant, the
squared mass, together with the sign of the temporal omponent i.e. sgn(p0).
These invariants grant only a partial lassiation sine, for example, in the ase
of unfaithful representations, π(φ) = 0, whih implies that the above invariants
are trivial. For faithful representations too, we annot onlude that the lassi-
ation is omplete sine dierent orbits an orrespond to the same value for
the mass. One an also nd a onstant number to label the orbits orresponding
to unfaithful representations-i.e. an bilinear invariant appliation mapping at
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least A0 to real numbers. This has been done in [77℄:
Q2 = π2
∫ ∫ | z1 − z2 |2 ln | z1 − z2 |
(1+ | z1 |2)(1+ | z2 |2) φ(z1, z¯1)φ(z2, z¯2)dµ(z1, z¯1)dµ(z2, z¯2),
(A.4)
where φ is a funtion of lass C∞(S2). Thus Q2 is dened only for a subset
dense in the Hilbert spae L2(S2) whih from the physial point of view makes
no dierene.
A.2 BMS representations in nulear topology
The study of BMS group to label elementary partiles started with the hope
to remove the diulty with the Poinaré group onerning the ontinuous
representations assoiated to the non ompat E(2) subgroup. Unfortunately,
ontinuous representations appear if one hooses for the supertranslations a
dierent topology (for istane Ck(S2)). This was for the rst time pointed
out in [80℄ where it was shown that also non ompat little groups appear (for
instane E(2)).
Nonetheless it is worth studying representations for the BMS group with N
endowed with the topology C∞(S2). In this ase the ation of SL(2,C) on the
spae of supertranslations is given by a representation T equivalent to the irrep
of SL(2,C) on the spae D(2,2) introdued by Gel'fand. This implies that we
have to use tehniques proper of rigged Hilbert spaes.
The main objet we shall deal with is D(n,n) whih is the spae of funtions
f(z, ω) of lass C∞ exept at most in the origin. These funtions also satisfy
the relation f(σz, σw) =| σ |(2n−2) f(z, w) for any σ ∈ C. At the end of the
day, one has the following hain of isomorphisms
BMS = N ⋉G←→ D(2,2) ⋉G←→ D2 ⋉G,
where D2 is the spae of C
∞
funtions ζ(z) depending on a single omplex
variable suh that any element g(z, w) ∈ D(2,2) an be written as g(z, w) = |
z |2 ζ(z1) =| w |2 ζˆ(z1) with z1 = wz and ζˆ(z1) =| z1 |2 ζ(z−11 ).
Irreduible representation an arise (see theorem 2 in [76℄) an arise either
from a transitive G ation in the supermomentum spae or from a ylinder mea-
sure µ with respet to the G ation is stritly ergodi i.e. for every measurable
set X ⊂ N ′ µ(X) = 0 or µ(N ′ −X) = 0 and µ is not onentrated on a single
G-orbit in N ′.
The rst step is to lassify all little groups; they an either be disrete sub-
groups, non-onneted non disrete Lie subgroups and onneted Lie subgroups.
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Disrete subgroups an be derived exatly as in the Hilbert ase and so the
only onneted little groups for the BMS group are:
SU(2), Γ, ∆, SL(2,R).
Here one an point out the rst dierene between the Hilbert and the
nulear topology whih onsists in the appearane of the SL(2,R) little group
whih will ontribute only to unfaithful representations.
Non onneted non disrete subgroups S an be derived using still theorem
5 in [76℄ sine eah S is a subgroup of the normalizer N(S0) where S0 is the
identity omponent of S. Here is the list:
• S1 whih is the set of matries{[
σr 0
0 σr
]
with σ = e
2pii
n , 0 ≤ r ≤ (n− 1)
}
,
• S2 whih is the set of matries{[
eqr 0
0 e−qr
]
where q is a xed non negative number and r ∈ Z
}
,
• S3 whih is the set of matries{[
zr1z
s
2 0
0 z−r1 z
−s
2
]
where z1, z2 ∈ C and r, s are integers,
}
,
• S4 whih is the set of matries [
1 r
0 1
]
.
To establish the faithfulness of the irreps, one needs to alulate the proje-
tion on the supermomentum spae of supertranslation:
π(φ)(z′) =
i
2
∫
dzdz¯(z − z′)(z¯ − z¯′)φ(z) 6= 0.
The only onneted groups ouring as little group for faithful representa-
tions are Γ,∆, SU(2) with vanishing square mass 0. It is also interesting to
notie that the orbit invariant Q2 dened for the Hilbert topology for unfaithful
representations is not available in the nulear topology sine it is not dened for
distributional supermomenta. Finally no information is available about disrete
subgroups sine it very diult to lassify them above all for innite disrete
subgroups. This means that the study of BMS representations in the nulear
topology has to be ompleted yet.
Appendix B
Wave equations in ber
bundle approah
We are going to briey review in the following denitions and notations used in
the derivations of the BMS wave equations following [81℄. As said we use sort
of diagrams to failitate the reader even if they are not rigorous mathematially
speaking.
Consider then
P (H,M)
σ //___
π

GL(V )
∗




M E(M,V )πE
oo
In our ase P (H,M) is a group G and a prinipal bundle whose ber H is a
losed subgroup of G and whose base spae is the homogeneous spae given by
the oset G/H ; eah linear representation σ : H → GL(V ) automatially denes
the vetor bundle (that's the reason why we used the dotted lines) E(M,V ) =
P ×H V whose generi element is the equivalene lass [u, a] with u ∈ P and
a ∈ V . The equivalene relation dening this lass is given by (u, a) ∼ (uu′, a) =
(u, σ(u′)a).
One denes than a G-ation; in partiular on P = G it is the obvious one
i.e. g(uh) = (gu)h whereas on M the ation is indued through the projetion
π as gπ(u) = π(gu). Finally on the E bundle the G-ation is g[u, a] = [gu, a]. i
if we onsider a generi setion for the E bundle i.e. ψ :M → E(M,V ), we an
at on it through a linear representation of G as:
(U(g)ψ) (gm) = gψ(m). (B.1)
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This representation is exatly the indued representation of G onstruted
from the given one σ of the subgroup H . Moreover if σ is pseudo-unitary
and it exists an invariant G-measure on M we an dene an internal produt
(, ) : Γ(E)× Γ(E)→ C as:
< ψ, φ >=
∫
M
dµhm(ψ, φ),
where hm is the indued internal produt on the bre π
−1
E (x).
In the spei ase of semidiret produt of groups i.e. G = N ⋉ K (N
abelian), one an dene a G-ation on the harater spae Nˆ :
gχ(gn) = χ(n).
For any element χ0 one an onstrut its stability (little) groupGχ0 : N⋉Kχ0
and assign a representation σ : Kχ0 → GL(V ). This indues a representation
χ0σ : Gχ0 → V whih assoiates with the ouple (n,g) the element χ0(n)σ(g).
Thus in our diagram the group Gχ0 is playing the role of H and M beomes
the oset spae G/Gχ0 . The diagram is then:
G(N ⋉Kχ0 , G/Gχ0)
χ0σ //____
π

GL(V )
∗




G/Gχ0 E(G/Gχ0 , V )πE
oo
Sine we want to desribe vetor valued funtions f : G/Gχ0 → V , a represen-
tation of U an be made xing a setion s : G/Gχ0 → G and remembering that
for any element ψ ∈ Γ(E) there exists a funtion f˜ψ : P → V :
ψ(π(u)) = [u, f˜ψ(u)].
A vetor valued funtion is:
fψ = f˜ψ ◦ s.
Let us notie that this onstrution makes sense only if the setion s is
global otherwise f is not dened everywhere; this happens only if the bundle
G is trivial i.e. G = M × H whih is always the ase in the situation we are
interested in.
Moreover equation (B.1) translates in:
[U(g)fψ] (gx) = σ(γ(g, x))fψ(x), (B.2)
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where in our ase γ : (N ⋉K)×G/Gχ0 → Gχ0 is dened as:
s(gx)γ(g, x) = gs(x) (B.3)
From now on we shall all (B.2) the anonial (or indued) wave equation.
In physial relevant situations ovariant representations are used instead of
indued ones. In this ase we deal with a prinipal bundle G(X,Gx0) where
x0 ∈ X and the interesting representations are those preserving loality on the
physial relevant spae X and ating on a vetor valued funtion f : X → V as:
[T (g)f ](gx) = A(g, x)f(x), (B.4)
where A is a map from G×X to GL(V ) satisfying the property:
A(g1g2, x) = A(g1, g2x)A(g2, x).
Examples of these representations are those indued from the isotropy group
Gx0 when expressed in term of setions s : X → G. Let us also notie that
there exists a map Σ : Gx0 → GL(V ) assigning to an element γ the matrix
Σ(γ) = A(γ, x0) and the indution of suh a representation from the isotropy
group to the entire G generates the representation
A′(g, x) = Σ(γ(g, x)),
where γ is dened as in (B.3) and g = (φ,Λ).
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